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Abstract In this paper, we propose the braneworld gravas-
tar configuration which is an alternative to the braneworld
black hole. We study the Mazur and Mottola gravastar
model within the context of the Randall-Sundrum type II
braneworld scenario, based on the fact that our four dimen-
sional spacetime is a three-brane, embedded in a five dimen-
sional bulk. We present exact solutions of the modified field
equations in each of the three regions making up the gravas-
tar, namely, (I) the core, (IT) the shell, and (III) the vacuum
exterior. The junction conditions at each interface are fulfilled
and we further explore interesting physical properties such
as length, energy and entropy of the spherical distribution.

1 Introduction

Black holes are regions in spacetime where gravity is so
intense that even light cannot escape to the exterior. These
exotic objects have been the central focus of researchers over
several decades. The extraordinary physics of black holes
has its origin in the highly unexpected properties of the event
horizon. The event horizon of a black hole is the boundary
between its exterior and its interior; it acts like a one-way
membrane providing a strong connection between gravita-
tion, thermodynamics, and quantum theory. This connec-
tion was first introduced by Hawking and Bekenstein around
1974, when they looked at the nature of radiation emitted by
black holes. It was soon realized that this prediction created
aninformation loss problem (the black hole information para-
dox) which has become an important issue in quantum grav-
ity and poses serious challenges to the foundations of theo-
retical physics. They showed that black holes surrounded by
quantum fields will emit small amounts of radiation, causing
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them to shrink and eventually evaporating completely. These
intrinsic problems associated with black hole horizons have
led to a flurry of solutions attempting to remove these para-
doxes. These semiclassical approaches generated by black
hole horizons should be investigated because the full theory
of quantum gravity is still unknown today.

Given the above, it has been suggested that alternative
models of black holes, which do not involve horizons and
could be stabilized under the exotic states of matter, should
be studied. Among the various models proposed and stud-
ied thus far, the gravitational vacuum star (gravastar) has
recently received widespread attention. The gravastar model
was first proposed by Mazur and Mottola (MM) [1]. In this
model it is suggested that a gravitationally collapsing star
would force spacetime itself to undergo a phase transition
that would prevent further collapse. The MM gravastar model
consists of three regions: a de Sitter geometry in the interior
filled with constant positive (dark) energy density p accom-
panied by an isotropic negative pressure p = —p > 0 which
is connected via three intermediate layers to an outer vac-
uum Schwarzschild solution (p = p = 0). The intermediate
relatively thin shell is composed of stiff matter (p = p). In
order to achieve stability and compensate for discontinuities
in the pressure profiles of the entire object, the MM gravastar
requires two infinitesimally thin shells endowed with surface
densities o4 and surface tensions 1. As pointed out by Cat-
toen et al. [2] this 5-layer construction can be reduced to a
3-layer model by effectively removing the use of thin shells.
The gravastar is now composed of three regions: (a) the de Sit-
ter interior: 0 < r < ry, with equation of state p = —p > 0,
(b) the shell: 1 < r < rp with equation of state p = +p,
and (c) the exterior: rp < r with p = p = 0. Visser and Wilt-
shire [3] showed that the MM gravastar is dynamically stable
against radial perturbations. Subsequent work by Carter [4],
Chirenti and Rezzolla [5] and De Benedictis et al. [6] have
shown that the MM gravastar is also stable against axial-
perturbations. Investigations by Chan et al. [7] have shown
that anisotropy of the interior fluid may affect the formation
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of a gravastar. They were able to show that the formation of
a gravastar is possible only when the tangential pressure is
greater than the radial pressure, at least in the neighborhood
of the isotropic case. Numerous studies of gravastar models
and their evolution can be found in [8—13], amongst others.

The Randall-Sundrum (RS) braneworld (BW) [14,15]
model is based on the assumption that our four dimensional
spacetime is a three-brane, embedded in a five dimensional
bulk. Braneworld models have an appreciable impact in the-
oretical physics in so far as offering solutions to the mass
hierarchy problem in particle physics. The Randall-Sundrum
(RS) braneworld models play a significant role in cosmology,
in particular, these models provide an explanation for the
expansion rate of the Universe at high energies which differs
from the prediction of standard general relativity [16].

Exact solutions describing braneworld stellar models are
few and far in between. Germani and Maartens presented
a static spherically star solution with uniform density [17].
An elegant overview of stars on the brane which include
the matching conditions and projection of the Weyl stresses
from the bulk was presented by Deruelle [18]. Some elegant
work on star solutions in the braneworld scenario have been
discussed in [19-22]. The gravitational collapse of bounded
matter configurations on the brane was discussed by Goven-
der and Dadhich [23]. Conformal symmetries are of some
importance for better understanding of spacetime geometry
because it helps to solve the geodesic equations of motion
for the spacetime under consideration. Symmetry also helps
in the search for a natural relationship between geometry and
matter.

In relativity theory, the behavior of the metric is impor-
tant when moving along curves on a manifold. A conformal
Killing vector £ is a vector field on a manifold so that if
the metric is dragged along the curves created by &, its Lie
derivative is directly proportional to itself, i.e.

Legik = Vgiks ()

for some scalar field 1, known as the conformal factor. Here
L represents the Lie derivative operator. The physical impor-
tance of this prerequisite is that when the metric is dragged
along a specific congruence of curves it persists modulo some
scale factor, v, which may differ from position to position
on the manifold. One can note that ¥ is not arbitrary but it
depends on the conformal Killing vector & as v (x*) = %Sfl.
for a Riemannian space of dimension four.

The vector & characterizes the conformal symmetry, while
the metric tensor g;x is conformally mapped onto itself along
&. The application of CKV provides deeper insights into
the spacetime geometry. The conformally symmetric vac-
uum solutions of the gravitational field equations in the
braneworld models have been found in [24]. Usmani et al.
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found the gravastar solution within the framework of Mazur—
Mottola, admitting conformal motion in [25].

In this paper we present the solutions for gravastar in the
context of Randall-Sundrum II type braneworld scenario.
The paper is organized as follows: in Sects. 1 and 2 we briefly
review the field equations in braneworld models by admit-
ting conformal motion of Killing Vectors. In Sect. 4 we derive
the stellar interior solution based on the fact that the matter
in the core obeys a barotropic equation of state of the form
p = —p > 0. The Weyl stresses, namely the scalar ¢/ and
the anisotropy P, in this region are completely determined.
In Sect. 5 we present the complete gravitational and thermo-
dynamical behavior of the shell of the star while the external
region has been matched to the braneworld black hole solu-
tion in Sect. 6. In Sect. 7 we calculate the entropy of the fluid
within the shell and present the junction conditions for the
solutions under consideration in Sect. 8. Some final remarks
are made in Sect. 9.

2 Field equations

Let us start by writing the modified Einstein field equations
on the brane [26], which take the form
G = K*TSY, )

where k*> = 87G and T/ff)f represent the effective energy-
momentum tensor given by

5 6 1
Tol =Ty + 7 Suw = 7z Eur- 3)
We have chosen the bulk cosmological constant in such a
way that the brane cosmological constant vanishes and A is
the brane tension which corresponds to the vacuum energy
density on the brane. The high-energy and non-local correc-

tions, respectively, are given by

TT,

TyaTE
uely 4 Suv [3TaﬁT“ﬂ . TZ] @

Sy = —22
my 12 4 24

and
) 6 1
k 8,4/,\1 = _x u Uiy + ghﬂv + P;/,v + Q(uu,,) (©)

is a non-local source, arising from the 5-dimensional Weyl
curvature with U/ representing the non-local energy density,
Q.. is the non-local energy flux and non-local anisotropic
pressure is P, respectively.

For a static spherically symmetric matter distribution
Q. = 0 and the non-local anisotropic pressure P,,, is given
by
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1
P,uv =P (ry,ru - ghpw) > (6)

where r, is the projected radial vector and hy,, = g +uyuy
is the projected tensor with the 4-velocity u* and P is the
pressure of the bulk. The above expression becomes

N

6 u-",
kzglw = - |:Uuuuv + Prur, + hwg] ,

3

where 7, is a unit radial vector. We consider a perfect fluid
energy-momentum tensor 7},,, having the explicit form

T/w = puyu, + Ph;/.v, 8)

where u* is the 4-velocity. We consider the static spherically
symmetric line element on the brane in the standard form

ds? = —e"Odi? + O dr? 4 2 (d92 + sin? 9d¢2) 0
The gravitational field equations for the line element metric

(9) must satisfy the effective 4-D Einstein equations (1) with
the effective energy-momentum tensor [27-29]

A 1 1 :
e—)» [_ _ _2} + _2 — kzpeft’ (10)
r r r
1 v 1 ; 4
—A 2 eff
—+—|-==k —7P), 11
¢ |:r2+r:| r2 <p +k4A ) an

1 1 1 1 n 2
Ee—)» |:7I),2 + V” _ *)»,V, + ;(V’ _ )»,):| — k2 (petf _ mp) ,

2 2
12)

v/
P/+E(,0+P)=0, (13)

where primes denote differentiation with respect to r; and
the effective energy density p°, the effective radial pressure
pr, and the effective transverse pressure p; are given by

off _ = p) 6
=p=p(l+ =)+ U, 14
P J2 p( + o +k4/\ (14)
eff _ = P 2 4
=p, = . 2 — U+ —7P, 15
pr=pr=p+o (p+ p)+k4k +k4k7’ (15)
P == pt (o2t — =P, (16)
! 21 k4 k4

Moreover, we observe from Eq. (5) that £, — 0 as
A1 — 0, i.e., using the limit in Eq. (3), we obtain 751 =
T,.v, thereby recovering 4-dimensional general relativity. The

extra dimensional effects produce anisotropy in the interior
of the star distribution which can be written as

- - 6

Pr—pr= WP' a7
Recently, Mazur and Mottola [30] made the interesting
observation that the constant density interior Schwarzschild
solution for a static, spherically symmetric collapsed star
has a negative pressure when its radius is less than the
Schwarzschild radius thereby describing a gravitational con-
densate star or gravastar. Furthermore, they showed that
transverse stresses are induced within this region thereby
abandoning the condition of pressure isotropy. In a more gen-
eral approach Cattoen et al. [2] showed that stable gravastars
must necessarily exhibit transverse pressures. It is interest-
ing to note from (17) that our braneword construction of a
gravastar naturally incorporates an effective transverse pres-
sure arising from non-local Weyl stresses.

3 Gravastar with conformal motion

We now demand that the interior spacetime admits conformal
motion. This immediately places a restriction on the gravi-
tational behavior of the gravastar. From Eq. (1) we can write

Legik = &isk + ki = Y gik (18)
with & = gikgk. From Egs. (9) and (18), one can get the
following expressions: v/ = ¢, &% = Cy, €l = %,Elk/—l—
26 =y

Here, (1) and (4) represent the spatial and temporal coordi-
nates r and ¢, respectively. The above set of equations imply

e’ = C3r?, (19)
G 9}2 20
‘ [vf ’ 20
£ =C18, + [%} st @21)

where C1, C, and C3 are constants of integration. The field
equations (Egs. (10)-(12)) corresponding to the metric (9)
take the following form:

1 vi| 29y,
LN LA — K2peff, 22
rz[ cg] rcz =7 ¢
1 31”2 _ 12 eff 4
r_2|:_C32 —1:| =k (P +_k4k7) ; (23)
v WY o w2

=12 (pff— —p). 24

|:C_%r21|+ rC% p k4AP 24)

The above system of equations represents a spherically sym-
metric matter distribution admitting conformal motion on
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the brane. From Eqgs. (23) and (24) we can express the extra
dimensional effects in terms of the conformal factor as
6 22 1

o 29y’

Ka- cir2 2 Cir

, (25)

In order to obtain the complete gravitational behavior of the
model, the function ¥ needs to be determined.

4 Interior region of the Braneworld gravastar

We now consider the inner portion of our gravastar model.
When p = —p, Eq. (13) yields p = const. = p., therefore
p = pc = —pc. Using (25) in (23) and together with the
equation of state we obtain

2 1 5y
— Y =——
k2 32t 3C3r2 *

4y’
3C3r

K20, (1 n %) . (26)

Now using the values of I/ and P in Eq. (22) we obtain

2 /_C32 2
. +r1//1//—?(1—2./4r>, 27)

where A = k%p, (1 + 5¢). Solving (27) we obtain
W=m+§o_mﬁ (28)
3 b

where 1 is an integration constant. Now, the metric potential

¢’ assumes the following form:

c? -
¢ =C3 [wo + T3 (1 - Ar2)] : (29)

The radiation energy density and pressure of the bulk are
obtained; thus, respectively,

2 1 (2 5y

“U=—[2+222), 30
kz)nu 3r2 <3+C§r) 0)
6 1 (630

—P=—=|—=>%-1). 31
e 3r2<c§ ) Gh

For a real conformal factor, it is clear from Eq. (28) that

ro< [ j(éoz + A]. This gives a clue of the upper limit of
3

the interior region. Since the conformal factor ¥ may vary
from place to place on the manifold, this implies that it places
a restriction on the size of the interior region.

For ¥y = 0, one can find that both ¢/ and P are inversely
proportional to r2 but with opposite signs. Note that for 1o >

@ Springer

c? .. c?
f both U/ and P are positive, however, for ¥g < 73, U takes

a positive value but P has a negative value. For vy = Cé , the
radiation pressure of the bulk vanishes and only the radiation
energy density U/ of the bulk survives.

The active gravitational mass, M (r), can be obtained from
Eq. (22), which may be expressed in the form

" eff <2 7~ 1 Yo 1 2
M(r)—_471/0 o redr = ZGr|:1_(C§+3(l_'Ar )>i|
(32)

The radiation energy density and pressure of the bulk fail to
be regular at the origin, however, the effective gravitational
mass is always positive and vanishes as » — 0. This implies
that the effective gravitational mass is singularity free.

5 Shell of the gravastar

For the shell of the gravastar we consider an ultra-relativistic
fluid of soft quanta obeying the EOS p = p, which repre-
sents a stiff fluid. This EOS is referred to as the Zel’dovich
Universe; it has been studied by various authors in the cosmo-
logical context [31-33] and in astrophysical settings [34-36].
Now, using the EOS p = p, we obtain from Eq. (13)

m
P=p=_3 (33)

where m is an integration constant. Using the same expres-
sion given in (25), we are in a position to determine I/, from
Eq. (22), which is given by

2 1 52 Ay mk® 3kEm?
T“=——z+—1€ + I/“z//——z— - G4
k2 3r 3C3r2 3Csr r 20F

Using the values of &/ and P in Eq. (22) we obtain

C2 2k2 2
Vg = 2 A4 mid) + T2 (35)
3 Ar?
which is easily solved to yield
C? 4k*m? Inr
w2=wuni[a+mﬁy+ —7] (36)
3 Aoor

[vr1 is an integration constant]
This allows us to write

kK2ayy (5 K2 » k*m? 11
U= S oa)+—=(1-2 — (2mInr-—
6C3r <r ) 9r2< ")+ 9r4 ( " 4)

37)
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and

P_k%p] . k2A+mk4 Ao g Inr
3Cr r) 18r2  9r2 2 T )

(38)

Here we assume the interfaces atr = R andr = R+€ which
describe the matching surface of two regions i.e., interior and
exterior region, are very thin. This means that € is very small
i.e., 0< € < 1. The proper thickness between two interfaces
is obtained:

R+e R+e 1
[ = verdr = / —dr. (39)
R R Nf()
Let us introduce H as the primitive of fl(r) ie., ‘fi—fr’ =
1 . . . ;
NGk which provides the proper thickness:
I =[HIgH. (40)

Now, using the Taylor series expansion H (R +¢€) up to a first
order approximation about R, we obtain H (R +¢)>~ H(R)+e
H’(R), and we can write [ ~ 6‘2—7 | g. Therefore, using Eq.
(39), the proper thickness is finally given by

c3 3 2
I~e|l—=+ . (41)
(t/fl (1 + mk?) + Hom %—5)

Now, the energy £, within the shell is given by

R+e
2 m 4 2
£ = 471/R o7 ¥2ar = |:4nm (r - 72)\r) + ac (5r —2r%)
8mr 8rm? Inr 7\71%%
— (1 —2? —_—t — . 42
530 ( )+ ( ; +4r)i|R “42)

It is to be noted that the energy within the shell depends on
the thickness of the shell as well as brane tension.

6 Exterior region of the gravastar

In general the exterior spacetime on the brane is nonempty,
ie., pef I and pef /" are nonzero. This is due to the presence of
the Weyl stresses brought about by bulk graviton effects. In
order to close the system of equations in the exterior region
one has to prescribe P+ and /", which are not unique. The
simplest choice, P = U™ = 0, ensures that the exterior
is the vacuum Schwarzschild solution. For non-vanishing
Weyl stresses in the exterior (p = p = 0), the spacetime
is described by the metric

ds? = — f(di® + N (r)dr? + (d92 + sin? 0d¢2) ,
43)

where f(r) =1— ZTM + 4.

This exterior spacetime corresponds to a tidal charged
black hole characterized by two parameters: its mass M and
dimension-less tidal charge, q. Here, the tidal charge parame-
ter q emerges from the prognosis on the brane of free gravita-
tional field effects in the bulk. This tidal charge q may assume
positive and negative values. For a positive tidal charge the
metric (43) corresponds to a Reissner—Nordstrom black hole
solution. The presence of the tidal charge increases the grav-
itational field of this black hole.

7 Entropy within the shell
We shall try to calculate the entropy of the fluid within the

shell by adapting the concept of Mazur and Mottola [1],
which is given by

R+e
S =dn / sr2ver dr = dmesr’yet. (44)
R

Here, s(r) is the entropy density for the local temperature
T(r), which may be written as

. a?k3T(r) (ks P
S =we (7) V276G’ )

where @2 is a dimensionless constant.

Thus the entropy of the fluid within the shell is [applying the
same procedure to obtain Eq. (39)] given by

1/2
S— m 4reakpR g% + 3 /
= /7271'(; B Vi (14 mk2) + 4k2)\7mzln1e .

R2
(46)

8 Junction interface and surface stresses

Here we match the interior gravastar geometry, given in Eq.
(9), with an exterior braneworld black hole solution at a junc-
tion interface . The junction surface X is a timelike hyper-
surface defined by the parametric equation f (x“(éi)) =0,
where &' = (1,0, ¢) are the intrinsic coordinates on the
hypersurface with proper time 7.

The extrinsic curvature (second fundamental form) asso-
ciated with a hypersurface X is given by

n 32xV L 0x% axP
Ki=-n|—0os4Tl——— ), (47)
j bET0ET gl g
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where 7, represents the unit normal (1", = 1) at the junc-
tion defined by

—12 of
axv’

op O OF
ax 9xP

(48)

ny =

Since K is discontinuous across the X, the discontinuity of
the metric is usually described by k;; = K;]T - Kl.;.

Now using the Lanczos equation [37-39], we can obtain
the intrinsic stress-energy tensor as S’; = diag (—o,p, p),
where o is the line energy density and p is the line tension,
defined by

1 1+ 1 2M
7= [eik] - |: - +q2
— a

dma dma a
Yo 1

— [— 1 2 49
c32+3( Aa?) (49)

Yo 1
_\/C_g‘i‘g(l—Aaz)J.

The surface mass of the thin shell is defined by

[ oM vo |1 '
ms=4na20=—a|: 1_a+52_\/c32+3(1_Aa2)J'

(D

Here M can be interpreted as the total mass of the braneworld
black hole solution. It can be written in the following form:

1
M:z—[a2+q—a2§2+2amsg—m§],
a

(52)
where ¢2(a) = Z—g + 1 (1 — Ad?). As an interesting obser-
vation we note that the line tension is negative, which implies
that there is a line pressure as opposed to a line tension. In
our configuration, the junction interference i.e. the region
(b) contains two different types of fluid: one is the ultra-
relativistic fluid obeying p = p, and the other is a matter
component which arises from the discontinuity of the sec-
ond fundamental form. This provides an extra surface stress
energy and surface tension at the junction interface.

9 Final remarks

In our work we have focused our attention on the problem of
modeling gravastars within the context of Randall-Sundrum
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type II braneworld scenario, based on the fact that our four
dimensional spacetime is a three-brane, embedded in a five
dimensional bulk. The star model has three distinct regions
with different equations of state: (a) the interior solution:
0 < r < ry, with equation of state p = —p > 0, (b) the
shell: r; < r < rp with equation of state p = +p, and (c)
the exterior: r, < r with p = p = 0 and the solution is
found under the assumption of conformal motion.

In our model, we have shown that the upper limit of the
interior region can be derived for real conformal factor (i.e.,
¥ > 0). As interesting observation, the dimensionless inte-
gration constant, ¥, plays an important role in determining
the nature of the bulk Weyl scalar I/ and non-local anisotropic
pressure P. o = C 32 /3 represents a barrier, where the radi-
ation pressure of the bulk vanishes but the effect of the bulk
Weyl scalar is nonzero and takes positive values at greater
radii. In the core region both ¢/ and P fail to be regular at the
origin, however, the effective gravitational mass is always
positive and vanishes at r = 0, which provides a singular-
ity free solution for our model. Next we have discussed the
explicit form of the shell of the star by considering an ultra-
relativistic fluid of soft quanta obeying the EOS p = p, and
we found the proper thickness of the shell. We also explicitly
show that the energy within the shell depends on the thick-
ness of the shell as well as brane tension. We have also shown
that the junction interference contains two different types of
matter, namely an ultra-relativistic fluid and matter compo-
nents appear due to the discontinuity of the affine connections
at the region b. The latter is a thin shell of matter content
with negative energy density. This newly developed stress-
energy tensor supports the consideration of the Casimir effect
between compact objects at arbitrary separations [40]. It is
argued that these two fluids do not interact and characterize
the shell of the gravastar. It is shown that the junction inter-
ference between interior and exterior regions contains a thin
shell of matter with negative energy density. It seems that this
negative energy is very similar to the Casimir effect reported
in Ref. [40], in which the authors have obtained the elec-
tromagnetic Casimir interaction between compact objects at
arbitrary separations. We conclude with a vital point: this
paper is not intended to confirm an exact alternative to the
braneworld black hole, but this is the first attempt of a project
to propose the braneworld gravastar configuration which is
an alternative to the braneworld black hole. We constructed a
model of a braneworld gravastar by requiring that the interior
spacetime admits conformal motion. We have integrated the
resulting equations and obtained a class of exact solutions
that describe gravastars on the brane which are particular
alternatives to the braneworld black hole. Now, it is an obvi-
ous query whether this braneworld construction changes in
any way the implications of a gravastar solution to the black
hole paradoxes already proposed without any braneworld.
It needs further research. Hopefully, it will be a subject for
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future study. However, we must point out that the braneworld
construction of a gravastar naturally incorporates anisotropic
pressure via the brane embedding. This may not be the case
in standard general relativity, that is to say, the anisotropy
required for the stability of gravastars needs to be assimi-
lated into the energy-momentum tensor a priori.
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