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A B S T R A C T

Monte Carlo and molecular dynamics simulations are applied to study the phase equilibria and structure of
a fluid described by a logarithmic interparticle potential. The two-phase pure species phase envelope was
generated for various values of the size term of the potential, and the critical point (the set of conditions at
which both phases became indistinguishable) was estimated in each case. A monotonic relationship between
both the reduced critical density and temperature and the size term was demonstrated. Molecular dynamics
simulations were employed to study the influence of the thermodynamic conditions on the fluid structure, and
three different fluid structures were elucidated.
1. Introduction

Wave equations containing logarithmic nonlinearity have found
useful application in various branches of physics such as nuclear
physics, condensed-matter theory, particle physics, physical vacuum
theory, and quantum gravity, to mention few literature landmarks [1–
19]. Such a diversity can be explained by the fact that for many-body
systems, the logarithmic nonlinearity occurs as a leading-order approx-
imation if their interaction energies predominate kinetic ones [12].
Examples of such systems include low-temperature quantum Bose
liquids [11,14,15,18] and also Korteweg-type materials where capil-
larity and surface tension play significant roles [7,13,17,19]. In the
corresponding models, liquid–solid or vapour–liquid phase transitions
can occur, which makes them useful descriptions of flows taking place
in the presence of interface and surface effects [20,21].

One prediction of the theory is large-scale periodical density inho-
mogeneities, caused by the existence, in the vicinity of a liquid–solid
phase transition, of multiple Gaussian-shaped solitary wave solutions
for an underlying logarithmic wave equation. Recently, a study of these
solutions’ application was done for geophysical silicate materials, such
as magmas in volcanic conduits or polycrystalline metals [13,19].

The occurrence of the Gaussian-shaped density inhomogeneities
indicates that they can become independent dynamical objects hence
there are new degrees of freedom. Therefore, the correct theory would
be the one formulated in terms of these objects.

Several different real systems can be described as particles inter-
acting with a pair potential containing a term which is proportional
to the constituent particles’ logarithm. For example, the electrostatic
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interaction energy between two charges [22] and the interparticle
potential in superfluid helium [11] can all be described in this manner.

Previously, Monte Carlo simulations were employed to study a
model fluid with a logarithmic pair potential [23], and it was confirmed
that predictions [24] regarding the calculation of the internal energy
using standard statistical mechanics were acceptable. In the present
study, a potential originally devised for describing superfluid phase of
helium-4 [11] – a system with significant capillarity – is employed
in Monte Carlo and molecular dynamics simulations to study more
general features of this type of fluid, such as phase equilibria and fluid
structure.

The influence of the pair potential’s size term in the (which is
described in the subsequent section) on the phase equilibria of pure
species is discussed, including an investigation of the effect of this term
on the critical point (the thermodynamic conditions at which the lighter
and denser phase become indistinguishable). In addition, structural
transitions in the fluid are investigated using molecular dynamics,
in which it is demonstrated that there may be up to three distinct
fluid structures present, depending on the thermodynamic conditions.
Furthermore, comparison is drawn with other systems from the litera-
ture, namely aggregates in magma and collapsing disks, which exhibit
qualitatively similar behaviour.

2. Interactions in inhomogeneous logarithmic fluid

A brief introduction into the logarithmic fluid models can be found
in Refs. [11,13,14] where it is shown that in a cellular phase the density
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of a system in the ground (energetically favourable) state is described
by a Gaussian function, and therefore a logarithmic fluid tends to in-
homogenize itself into lumps. The latter can serve as new degrees of
freedom, such as fluid parcels (volume elements) which are widely used
in a hydrodynamic approach. Such objects not only have a finite size,
of order 𝑎, but also interact with each other. Altogether, it means that
ne has to separately derive an inter-particle (‘‘inter-parcel’’) potential,
hich would encode not only interactions between fluid parcels but
lso their finite size.

Moreover, for simplicity and technical reasons, such a potential can
ave a two-body interaction, at least in a leading-order approximation.
n this picture, fluid parcels can be regarded as pairwise-interacting
oint particles. The energy of such interactions can be derived from
nergy arguments.

Using the Gaussian form of the solution, one can obtain [11] that
Gaussian volume element of size 𝑟 ∼ 𝑎 stores an amount of internal

ulk mass-energy, which is proportional to

∫

𝑟

0
𝜌𝑔(𝑟′)𝑟′2𝑑𝑟′ ∝

1
𝑎
(𝑟 − 𝑟0) e−(𝑟∕𝑎)2 [1 +  (𝑟 − 𝑎)] , (1)

where 𝑟 is an inter-particle separation, and the value

𝑟0 = 𝑎
[

1∕2 + 1∕(e
√

𝜋 erf(1))
]

≈ 0.75 𝑎, (2)

refers to the point where the dominant term of 𝜖(𝑟) changes sign.
Furthermore, each fluid parcel is known to be stable with respect to

small perturbations [10], therefore it tries to maintain its size and mass.
Consequently, in order to change the latter values, an amount of energy
must be supplied which is proportional to the expression (1). In the
absence of other fields, this energy can come only through interaction
with other fluid parcels, therefore one can conclude that

𝑈 (𝑟) =
𝑈0
𝑎
(𝑟 − 𝑟0) e−𝑟2∕𝑎2 , (3)

up to the terms of order  (𝑟 − 𝑎). Note that 𝑟 here is, in practice, the
interparticle separation.

The latter can be assumed small unless interactions deform fluid
parcels so strongly that their interior structure cannot be neglected.
However, under those conditions we would fall outside the range
of applicability of a hydrodynamic approach as such. Here, the pro-
portionality factor 𝑈0 = −𝑎𝑈 (0)∕𝑟0 ≈ −1.34𝑈 (0) becomes the free
parameter of the hydrodynamic model. In this context, the critical
value 𝑟0 determines the inter-parcel separation at which the potential
switches between attraction and repulsion.

The expected structural features of a fluid described by this potential
energy function include a well-defined interparticle separation at the
minimum of the potential energy, which can lead to a more ordered
structure than fluids with weaker or less defined interaction potentials.
At larger separations, the potential energy decays exponentially with
distance, which may lead to a shorter range of correlations in the
fluid than for other interaction potentials that have a longer-ranged
repulsion or attraction. The pair potential of this fluid is contrasted with
that of a comparable Lennard-Jones fluid in Fig. 1.

At low temperatures, the fluid is expected to form a condensed
phase due to the attractive well of the potential energy. The properties
of the condensed phase, such as the density and the correlation func-
tions, depend on the well depth 𝑈0 and the position of the minimum of
the potential energy 𝑟0. At high temperatures, the fluid may exhibit
a vapour phase, with a vapour–liquid phase transition at a critical
temperature and density, depending on the parameters 𝑈0, 𝑟0, and 𝑎.

3. Methods

In this section we describe numerical methods which are going to
be used. The inter-parcel two-body potential (3) is implemented using
a tabulated potential, with its value computed at 1000 discrete points
over the range 0 nm ≤ 𝑟 ≤ 1.85 nm. Interpolation between tabulated
values was effected using a cubic spline. Following the minimum-
image convention [25], a cut-off radius of 1.5 nm was employed in
all simulations.
2

3.1. Monte Carlo simulation

Stochastic Monte Carlo (MC) simulations in the isochoric-isothermal
Gibbs ensemble [26,27] were performed for systems comprising 1000
particles distributed across two phases, defined by their nominal den-
sity, using the Metropolis scheme [28] and MCCCS Towhee soft-
ware [29]. Simulations were run for up to 10,000 MC cycles to achieve
equilibrium (typically equilibrium was reached within 2000 MC cy-
cles), following which up to 10,000 MC cycles were used to generate
acceptable results with averages computed using block averages for
runs divided over 5 blocks. Note that an MC cycle is a number of moves
equal to the number of particles in the system. The following MC moves
were considered (with their relative occurrences in brackets): particle
exchange between phases (39.5%), particle translation (30.0%), par-
ticle exchange within a phase (30.0%), and volume exchange [30]
(0.5%). In terms of real-world phenomena, particle exchange between
phases mimics mass transfer between phases, particle translation and
exchange within a phase mimic the thermal motion of particles within
a phase, and volume exchange corresponds to an isotropic volume
adjustment.

MC molecular simulation essentially generates a set of atomistic
configurations sampled from the desired ensemble, with each config-
uration being used to generate the next one in turn. The simulation
proceeds as follows: Firstly, a trial configuration 𝑚 is generated for
which its energy computed, then this trial configuration is compared to
the original configuration 𝑛, and if the new configuration 𝑚 possesses
a lower energy it is accepted, while if it does not, then the chance to
be accepted is 𝑃𝑚𝑛:

𝑃𝑚𝑛 = min
[

1,
𝑝𝑛
𝑝𝑚

]

, (4)

wherein 𝑝 represents the probability of each configuration.
For the MC simulations, equilibrium between phases was studied by

initializing one phase as the dense phase and the other as a lighter one;
with 750 particles and 250 particles in each phase, respectively. The
parameter 𝑟0 was varied, to develop a set of temperature and phase
density values for each value of 𝑟0. In each case, a critical point can
potentially form at which the two phases are indistinguishable in terms
of density. During the course of the production stage, configurations
were sampled every 5000 Monte Carlo steps in order to generate data.

3.2. Molecular dynamics simulation

Dynamic simulations were undertaken in the canonical (i.e.
isochoric-isothermal) ensemble using 1000 particles in a single phase
with a time step of 1 fs. The bulk density was fixed at that correspond-
ing to superfluid Helium (i.e. 𝜌 = 0.145 kg/m3). The simulation cells
for the dynamic simulations were generated using random placement
by employing the classical COMPASS forcefield [31] applied to helium
to obtain a density equal to superfluid helium (i.e. 0.145 g/mL). Next,
the simulation was allowed to proceed for 100 ps with the imposed
logarithmic fluid pair potential. Then, each system was equilibrated
using the Nosé–Hoover–Langevin thermostat [32] for up to 2 ns. Next,
results were generated over by sampling every 50 fs over the course of
a further 2 ns using the Nosé–Hoover–Langevin thermostat. Typically
simulations reached equilibrium within 100 ps, but for the sake of
rigour additional simulation time was permitted as this pair potential
has not been studied before using molecular dynamics. To integrate the
equations of motion, the Verlet velocity integrator scheme [33] was
used. All molecular dynamics simulations were performed using the
Materials Studio 2018 computer programme package [34].

Two properties of the system were studied in depth using molecular
dynamics simulations: Radial distribution function, and self-diffusion
coefficient. The self-diffusion coefficient was computed by considering

the slope of the mean squared displacement of the particles over the
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Fig. 1. Interparticle potential energy for a fluid described using the logarithmic pair potential as versus a comparable Lennard-Jones fluid.
ourse of the production runs according to the Einstein equation [35,
6]:

= 1
6

lim
𝛥𝑡→0

𝑑(𝑀𝑆𝐷)
𝑑(𝛥𝑡)

(5)

Configurations were sampled every 5 ps to generate data during
the production stage of the molecular dynamics simulations. Only the
linear region of the MSD curve was used to compute the diffusion
coefficient, which typically ran up to 1.5 ns. The uncertainty in the
diffusion coefficient was computed by estimating fluctuations over the
course of the simulation time [37].

4. Results

4.1. Monte Carlo simulations

Fig. 2 shows the results of the two-phase MC simulations, wherein
there is a shift towards higher densities for both phases as the value
of the parameter 𝑟0 increases. In every case, a critical point developed
at which the two phases became indistinguishable in terms of density
for a specific temperature value. As the value of 𝑟0 increased, this
critical point shifted towards downwards lower temperatures. Earlier
work on systems of collapsing hard disks with a repulsive interparticle
interaction coupled with a square well potential [38] may provide a
helpful comparison to describe the behaviour observed here. Increasing
the width of the repulsive step produced a qualitatively similar effect in
the low density region of the phase diagram for hard disks as compared
to decreasing the size term used in the present study’s pair potential,
in terms of shifting the phase envelope from high density and low
temperature towards lower density and higher temperature.

The locus of the critical point is presented in Fig. 3, illustrating the
effect that the particle size term 𝑟0 has on both the temperature and
density at the critical point. While the dimensionless density increased
quickly with respect 𝑟0, this did not hold when the density was con-
sidered in dimensional terms in which case the critical density was
constant at about 0.008 g/cm3 in all cases. The critical temperature
was strongly influenced by the particle size, as evidenced by its rapid
decrease with increasing 𝑟 .
3

0

In order to probe the structure of the fluid, molecular dynamics
simulations were performed to sample configurational data in order to
generate the radial distribution function of the fluid. A highly ordered
substance, such as a crystal, would have many clear distinct peaks
in the radial distribution function, indicating regular placement of
molecules within the supramolecular structure. In contrast, a homoge-
neous fluid with no order whatsoever, such as an ideal gas, would not
have any notable peaks in the radial distribution function, suggesting
that it may not be likely that particles are not generally pinned down
in relation to each other and tend to circulate freely and randomly. The
results of this analysis into the fluid structure are explained in the next
section.

4.2. Molecular dynamics simulations

Molecular dynamics simulations were undertaken at a fixed density
of 𝜌∗ = 0.018 (corresponding to a density of 0.145 g/mL, the density
of superfluid helium) to study the influence of temperature on the fluid
structure. These results are presented in Fig. 4 in the form of the radial
distribution function of the fluid as a function of temperature. The data
appear to suggest that two structural transitions occur, namely in the
regions 0.323 < 𝑇 ∗ < 0.129 and 1.67 < 𝑇 ∗ < 2.26. At low temperatures
(i.e. 𝑇 ∗ < 0.129) the fluid appears to possess a notable degree of
supramolecular order, as evidenced by the presence of two distinct
peaks in the radial distribution function, at around 𝑟∕𝑟0 = 1.5 and
𝑟∕𝑟0 = 0.71. As the temperature is increased from past 𝑇 ∗ = 0.0168, the
fluid becomes more disordered and homogeneous, as the second outer
peak in the radial distribution function disappears and is replaced by
a single broad peak, suggesting a supramolecular structure reminiscent
of a classical Lennard-Jones fluid. This first transition is not evident in
the phase diagram shown in Fig. 2, suggesting that it is a transition
from one liquid phase to another. At temperatures above 𝑇 ∗ = 3.23,
the fluid becomes almost completely homogeneous, with the single
broad peak present in the region 0.0168 < 𝑇 ∗ < 1.375 being replaced
by an essentially flat non-zero radial distribution function. This high
temperature regime suggests little to no regularity or order in the fluid
structure, as may be found in an ideal fluid. With reference to the

phase diagram presented in Fig. 1, this high temperature transition
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Fig. 2. Phase diagram generated by two-phase MC simulations for a logarithmic condensate. Note that the horizontal axis has been made logarithmic for clarity. Note that 𝑟∗ = 𝑟0
𝑟𝑟𝑒𝑓0

herein 𝑟𝑟𝑒𝑓0 is the reference case from the literature [11]. 𝑇 ∗ is the dimensionless temperature 𝑇
𝑈0

and 𝜌∗ is the dimensionless density 𝜌𝑉
𝑁𝑟30

.

Fig. 3. Locus of the critical point of the two-phase logarithmic condensate as the particle size term 𝑟0 is increased. Note that 𝑟∗ = 𝑟0
𝑟𝑟𝑒𝑓0

wherein 𝑟𝑟𝑒𝑓0 is the reference case from the

literature [11]. 𝑇𝐶∗ is the dimensionless critical temperature 𝑇𝐶
𝑈0

and 𝜌𝐶∗ is the dimensionless critical density 𝜌𝐶𝑉
𝑁𝑟30

.

corresponds with the critical temperature of the fluid, suggesting that
the supercritical form of this fluid is very close to an ideal gas in terms
of supramolecular structure and behaviour.

The RDF of a liquid with multiple peaks indicates that the particles
in the liquid are organized in a non-uniform manner, with certain
distances between particles being more favourable than others. The
presence of multiple peaks in the RDF suggests that the liquid has
4

some degree of order, which can arise from interactions between the
particles. In particular, the presence of multiple peaks can indicate
the presence of local structure or clustering in the liquid. In contrast,
a liquid with dispersive van der Waals forces would have a more
uniform RDF, indicating a more homogeneous distribution of particles
throughout the liquid. A high density within small ‘‘parcels’’ of fluid
suggests the presence of strong intermolecular forces, which tend to
pull the particles together and lead to a more tightly packed structure.

This can also contribute to the formation of local structures and the
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Fig. 4. Radial distribution function as a function of temperature at constant density. Note that 𝑇 ∗ = 𝑇
𝑈0
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presence of multiple peaks in the RDF. Overall, the structural features
of a liquid with multiple peaks in its RDF and a high density within
small ‘‘parcels’’ of fluid suggest the presence of strong, directional
interactions between particles in the liquid, which can give rise to local
order and structure.

In terms of fluids examined in the literature, comparison with
magnetite-bubble aggregates in andesite magma (shown in Fig. 5)
may be instructive [39]. In this regard, the low temperature regime
observed in the present study presents some qualitative similarities
with the completely randomized magnetite-bubble aggregates, albeit
with a larger degree of structure than magma (as evidenced by the
order of magnitude differences in the values of 𝑔(𝑟)). This is somewhat
unexpected, as typically fluids take on more orderly arrangements
as thermal motion decreases. At moderate temperatures, there is a
qualitative resemblance to randomized magnetite-bubble aggregates
with weak clustering, although as with the low temperature regime,
the fluid in this study displays notably more structure than magma. This
transition from complete randomness to weak clustering is unexpected
for the thermal motion reasons described above. A possible behaviour
that may be related to such behaviour is the transition from liquid
to vapour, by which the moderate temperature regime resembles a
nascent ‘vapour’ nucleation regime, by which the weak clustering is in
effect a prelude to the formation of ‘vapour’ bubbles within the denser
‘liquid’ phase and represents possible regions which are more likely to
undergo phase transition first.

As part of investigating structural transitions, the self diffusion
coefficient was computed as a function of temperature (following the
approach of Einstein [35] described above) as shown in Fig. 6. In this
analysis there appear to be two different fluid regimes. Firstly, at low
temperatures (below 𝑇 ∗ = 1.29) the diffusion coefficient is effectively
independent of temperature. A transition occurs at around this temper-
ature, however, resulting in a fluid for which the diffusion coefficient
increases rapidly as a function of temperature. In this high temperature
region, the fluid may behave similarly to a classical rarefied gas, since
𝐷 is roughly proportional to 𝑇 𝑓𝑟𝑎𝑐23. The low diffusion coefficient at
low temperature temperatures can be related to the structure observed
in the RDFs presented in Fig. 4, wherein it was observed that the loga-
rithmic fluid possesses significant supramolecular structure under these
conditions. This orderly structure was fairly persistent with respect to
5

changes, until a transition was observed around 𝑇 ∗ = 1.29. Hence, r
it would appear that the logarithmic fluid forms parcels of fluid with
high local density that are resistant to thermal changes up to the point
at which transition to a rarefied gas occurs. This behaviour at low
temperature concurs qualitatively with the analysis of expected fluid
structure presented earlier in this contribution.

With regard to the moderate temperature phase, the nature of the
fluid may be further divided into two regions, based on the diffusion
behaviour. At higher temperatures within the moderate temperature
range (i.e. 0.670 < 𝑇 ∗ < 1.675), the fluid exhibits an Arrhenius
temperature dependence (i.e. log𝐷 ∝ − 1

𝑇 ), suggesting that it behaves
as a viscous fluid as the temperature is increased towards the transition
into the rarefied classical gas present at high temperatures. However,
in the lower range of the moderate temperature range (i.e. 0.0168 <
𝑇 ∗ < 0.670), it unclear what behaviour dominates. Comparing the dif-
usion coefficient with temperature suggest that the fluid may behave
omewhat like a rarefied gas since 𝐷 ∝ 𝑇

2
3 , although this trend is not

fully linear, thus moderating any conclusions about this behaviour.

5. Conclusions

Monte Carlo and molecular dynamics simulations were performed
using a fluid with the interparticle potential (3). Notably, this particular
form of potential has occurred in inhomogeneous logarithmic liquid
models and has been previously used to describe microscopic structure
of the superfluid phase of helium-4 [11]. In this paper, we studied prop-
erties of the fluid with this potential at a classical statistical mechanics
level.

Monte Carlo simulations were employed to study the phase be-
haviour of the fluid whilst varying both the temperature and the size
terms in the interparticle potential, and it was observed that there is
a monotonic relationship between the size term and both the critical
density and temperature of the fluid. Criticality in this context refers to
the point (𝑇 , 𝜌) at which the two phases of the fluid become indistin-
uishable in terms of density, in a condition analogous to that found in
classical fluid.

Molecular dynamics simulations yielded insights into the fluid struc-
ure, and suggested that there may in fact be two structural regimes for
he fluid, depending on the thermodynamic conditions. The structural
egimes were classified according to the number of distinct shells in the
adial distribution function of the fluid. Analysis of the self-diffusion
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Fig. 5. Radial distribution function for magnetite-bubble aggregates in andesite magma [39] with inset focusing on the region 𝑟 ≤ 0.4.
Fig. 6. Diffusion coefficient 𝐷 as function of temperature. 𝑇 ∗ is the dimensionless temperature 𝑇
𝑈0
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oefficient of the fluid confirmed the presence of the different fluid
tructures. Understanding the role that the thermodynamic conditions
lay in altering the structure of the fluid may be helpful in other
pplications of the logarithmic pair potential discussed above.

Finally, a comparison was made with systems of collapsing disks
nd aggregates in magma, for which qualitatively similar behaviours
ere observed. In the case of the former, the width of a repulsive

nterparticle interaction was found to influence the phase diagram in
n inverse manner to the effect of the size term in the present work.
or the latter system, there are structural similarities for the different
luid regimes to different phases of bubble aggregates in magma.
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