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Abstract

Fibre Reinforced Plastics (FRPs) have been used in many practical structural applications
due to their excellent strength and weight characteristics as well as the ability for their proper-
ties to be tailored to the requirements of a given application. Thus, designing with FRPs can
be extremely challenging, particularly when the number of design variables contained in the
design space is large. For example, to determine the ply orientations and the material properties
optimally is typically difficult without a considered approach. Optimization of composite struc-
tures with respect to the ply angles is necessary to realize the full potential of fibre-reinforced
materials. Evaluating the fitness of each candidate in the design space, and selecting the most
efficient can be very time consuming and costly. Structures composed of composite materials
often contain components which may be modelled as rectangular plates or cylindrical shells, for
example. Modelling of components such as plates can be useful as it is a means of simplifying
elements of structures, and this can save time and thus cost.

Variations in manufacturing processes and user environment may affect the quality and
performance of a product. It is usually beneficial to account for such variances or tolerances in
the design process, and in fact, sometimes it may be crucial, particularly when the effect is of
consequence. The work conducted within this project focused on methodologies for optimally
designing fibre-reinforced laminated composite structures with the effects of manufacturing
tolerances included. For this study it is assumed that the probability of any tolerance value
occurring within the tolerance band, compared with any other, is equal, and thus the techniques
are aimed at designing for the worst-case scenario.

This thesis thus discusses four new procedures for the optimization of composite structures
with the effects of manufacturing uncertainties included. Five design problems are investigated,
and the first methodology is used to solve problems 1 and 2. The remaining problems are solved
with the remaining methodologies. In all cases, the methodologies are flexible enough to allow
any appropriate design fitness formulation and search algorithm (and, where necessary, failure
criterion) to be used.

The problems are:

Problem 1 - A technique for optimally designing fibre-reinforced plates with manufacturing

uncertainties for maximum buckling strength. Here, a procedure to design symmetrically lami-



nated plates for maximum buckling load with manufacturing uncertainty in the ply angle, which
is the design variable, is described. Classical Lamination Theory is implemented, three different
tolerance scenarios are used for the purposes of illustrating the methodology, and plates with
varying aspect ratios and loading ratios are optimally designed and compared.

Problem 2 - A methodology for the optimally designing fibre-reinforced laminated structures
with design variable tolerances for maximum buckling strength. In this problem, which is similar
to the first, the finite element method is implemented and used to determine the fitness of each
design candidate, and so the effects of bending-twisting coupling are accounted for. As before,
three different tolerance scenarios are used for the purposes of illustrating the methodology, and,
by way of example, plates with varying aspect and loading ratios, as well as differing boundary
conditions, are chosen to demonstrate the technique, and optimally designed and compared.

Problem 3 - A technique for optimally designing fibre-reinforced laminated plates under
in-plane loads for minimum weight with manufacturing uncertainties accounted for. Here, a
procedure to design symmetrically laminated plates under buckling loads for minimum weight
with manufacturing uncertainty in the ply angle, which is the design variable, is described.
A minimum buckling load capacity is the design constraint implemented and the effects of
bending-twisting coupling are neglected in implementing the procedure. As before, three dif-
ferent tolerance scenarios are used for the purposes of illustrating the methodology, and plates
with varying aspect ratios and loading ratios are optimally designed and compared.

Problem 4 - A methodology for optimally designing fibre-reinforced laminated plates under
in-plane loads for minimum weight with manufacturing uncertainty accounted for. Here, a
procedure to design symmetrically laminated plates under buckling loads for minimum weight
with manufacturing uncertainty in the ply angle and plate thickness, which are the design
variables, is described. A minimum buckling load capacity is the design constraint implemented.
The effects of bending-twisting coupling are neglected in implementing the procedure, and the
Downhill Simplex method is used as the search technique. Two different tolerance scenarios
are used for the purposes of illustrating the methodology, and plates with varying aspect ratios
and loading ratios are optimally designed and compared.

Problem 5 - A technique for optimally designing fibre-reinforced laminated structures for

minimum weight with manufacturing uncertainties accounted for. Here, a methodology to

ii



design symmetrically laminated structures under transverse loads for minimum weight with
manufacturing uncertainty in the ply angle, is described. The ply angle and the ply thickness
are the design variables, and the Tsai-Wu failure criteria is the design constraint used. The finite
element method is implemented, and thus effects like bending-twisting coupling are accounted
for. In order to demonstrate the procedure, laminated plates with varying aspect ratios and

boundary conditions are optimally designed and compared.

iii



Chapter 1

Literature Review

1.1 The Finite Element Method

1.1.1 Introduction

The most distinctive feature of the finite element method that separates it from others is the
division of a given domain into a set of simple subdomains, called finite elements [1]. Any
geometric shape that allows computation of the solution or its approximation, or provides
necessary relations among the values of the solution at selected points, called nodes, of the
subdomain, qualifies as a finite element. The number of elements is determined by two factors:
The capabilities of the processor being used, and the desired accuracy of the results [2].

The elements that compose the object are of finite size and hence the name of the method
(FEM). The smaller the size, the smaller the errors, and as a result, the solution obtained
approaches the true solution. In essence, the finite element method translates a complex design
problem into a system of linear algebraic equations.

Today, the finite element method is indispensable in aircraft, automotive, and other indus-

tries.

Compatibility

Although the basic approach of separating a body into finite elements has been explained, the

continuity of the body’s response must not be forgotten. To prove continuity, a body, being



seen as an assembly of separate elements, contains an assumed existence of forces acting on
the elements through interconnecting joints. To obtain a workable solution, the following two
requirements must be fulfilled:

(a) Elements joined by a particular node must have the same displacement at that node.

(b) The interface between two elements is subject to displacements that are functions of the
nodes on the interface, and those nodes only.

These two requirements are called the compatibility conditions of the finite element model
and provide the mathematical justification of the polynomial relationship, called the shape

function [2].

1.1.2 Convergence requirements

As the finite element method is a numerical technique, a sequence of approximate solutions
is obtained as the element size is successively reduced [3]. This sequence will converge to the
exact solution if the interpolation polynomial satisfies the following convergence requirements:

(1) The field variable must be continuous within the elements. This requirement is easily
satisfied if continuous functions are chosen as interpolation models. Since polynomials are
inherently continuous, they easily satisfy this requirement.

(2) All uniform states of the field variable ¢ and its partial derivatives up to the highest
order appearing in the functional I(¢) should have representation in gb(e) when, in the limit,
the element size reduces to zero.

(3) At element interfaces (boundaries) the field variable ¢ and any of its partial derivatives
up to one order less than the highest order derivative appearing in I(¢) must be continuous.

The elements whose interpolation polynomials satisfy the requirements (1) and (3) are
called compatible or conforming elements and those satisfying condition (2) are called complete
elements. If the r*" derivative of the field variable ¢ is continuous, then ¢ is said to have C7
continuity. In terms of this notation, the completeness requirement implies that ¢ must have
C" continuity within an element, while the compatibility requirement implies that ¢ must have
C™! continuity at element interfaces.

In the case of general solid and structural mechanics problems, this requirement implies

that the element must deform without causing openings, overlaps or discontinuities between



adjacent elements. In the case of beam, plate and shell elements, the first derivatives of the
displacement across inter-element boundaries must also be continuous.

If the interpolation polynomial satisfies all three requirements, the approximate solution
converges to the correct solution when the mesh is refined and an increasing number of smaller
elements are used. In order to prove the convergence mathematically, the mesh refinement has
to be made in a regular fashion so as to satisfy the following conditions [4]:

(1) The elements must be made smaller in such a way that every point of the solution region
can always be within an element;

(2) All previous (coarse) meshes must be contained in the refined meshes and

(3) The form of the interpolation polynomial must remain unchanged during the process of
mesh refinement.

These three conditions are illustrated in Figure 1-1, where a simple two dimensional solution
domain in the form of an equilateral triangle is discretized with an increasing number of three

node elements.

/\ /\ VA
R VAVAR Ve
L — Earra— *

/ "4 NS AN
e ¥ Av4 AV .
x

(a) (b) (c)

Figure 1-1: Example of successive mesh refinements: (a) Original soluton domain; (b)

Discretization with 4 triangular elements; (c) Discretization with 16 triangular elements

Conditions (1) and (2) are illustrated in Figure 1-1, where a two-dimensional region is
discretised with increasing number of triangular elements. From Figure 1-2, where the solution
region is assumed to have a curved boundary, it can be seen that conditions (1) and (2) are not
satisfied if elements with straight boundaries are used. In structural problems, interpolation
polynomials satisfying all the convergence requirements always lead to the convergence of the
displacement solution from below, while nonconforming elements may converge either from

below or from above.



Figure 1-2: Finite element idealization of a quarter plate with a circular hole where N is the

number of subdivisions of a quarter hole.

1.1.3 Two-dimensional (quadrilateral) element

The displacement at any point within element e is a function of its location which can be seen

in Figure 1-3. It can be expressed in the vector form [2]:

applied forces

* 4

AN

(a)

L |
X

Figure 1-3: A finite element model - (a) assembly of elements (b) an enlarged element
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At the corner nodes, the displacement becomes

{a;} = {Z} (1.2)

where i = 1,2,3 and 4. All four node displacements can be grouped together under one

vector:

(3}
U1
(]
V2
{a}® = (1.3)
ug

v3

Ug

Vg

The components of the displacement vector, Equation 1.1, can be expressed by the polyno-

mials

u(z,y) = Ay + Byx + Cpy + Dyzy (1.4)

’U(l’, y) = Ay + Byx + va + Dvxy (15)

Equations 1.4 and 1.5, when expressed in terms of corner displacements, become

u(z,y) = Niur + Noug + Nauz + Naug (1.6)

v(z,y) = N1v1 + Navg + N3vz + Navg (1.7)

Njto Nyare second-degree four-term polynomials:

N; = a; + bix + ¢y + dixy (1.8)



Polynomial Nyis chosen so as to fit the conditions:

N; = 1atnodel, (1.9)

Ny = 0 at nodes 2, 3 and 4

with similar conditions for Ny to N4. Equations 1.6 and 1.7 can be written in vector form:

u
v1
uy
{u(x,y)}: Ny 0 Ny 0 N3 0 Ny O vy (1.10)

0 N 0 N 0 N3 0 Ny u3
v3
Uy

V4

or abbreviated:

{a(z,y)} = [N]{a}* (1.11)

where [N] is called the shape function.
To determine [N], first consider a rectangular element, as shown in Figure 1-4. The coordi-
nates of its four corner nodes are (—b, —a), (b, —a), (b,a) and (—b,a). Thus the shape function

components are

(1.12)
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(a) _1

Figure 1-4: A rectangular element - (a) element in a local Cartesian coordinate system (b)

element in a local natural coordinate system

The shape-function components can be expressed in a nondimensional form by introducing

new coordinates:

i
I
8
3
I
Q ke

Then Equation 1.12 becomes

Ni=3(1-8§)(1—-n) N

1
4
Ny =31+ +n) Ni=

NN

(1+&1 —n)
(1=8)1 +n)

(1.13)

(1.14)

The &n coordinates form a natural local coordinate system as shown in Figure 1-5.



~
T

n=1

—
S ——

(@) &1 (b)

n=-1

Figure 1-5: A general quadrilateral element - (a) element in a global Cartesian coordinate

system (b) element in a local natural coordinate system

The natural coordinate system can be applied as well to general quadrilaterals, with the
shape-function expressions remaining the same. Consider the general quadrilateral shown in
Figure 1-5(a). It is located in a global xy coordinate system. A natural n coordinate system
is introduced by assuming the following relations along the quadrilateral sides

n = —1 along side 12

& = +1 along side 23

n = +1 along side 34

¢ = —1 along side 41

The origin of the {n system lies in the middle of the element. The two coordinates are
directed toward the middle of the right side and the upper side, respectively, as shown in
Figure 1-5(a). Consider point P (§,n); A (¢, —1)and B (§,+1) are its projections on sides 12

and 34, respectively. Concerning coordinate x,, the following geometrical relation applies:

xp—x4a 147
TR —TA 2

(1.15)

From this relation, we obtain



rp = Nix1+ Noxgs + N3xs+ Nyxy (1.16)

yp = Niy1 + Nayz + N3ys + Naya

This leads to the expression for the transformation from the {7 to the xy coordinate system:

x1
Y1
T2
x Ny 0 N 0 N3 0 Ny O
_ 1 2 3 4 Y2 (1.17)
Yy 0 N1 0 N2 0 N3 0 N4 €r3
Y3
T4
Ya
The relation between N; derivatives in the two systems is expressed by
ON;
G 0x /o0& 0dy/0 ON;/0x
6315‘ _ /O&  Oy/OE / (1.18)
e B T B Y
The first right-hand matrix is the Jacobian:
Oz /0§  Oy/O¢ 9/0¢
bl = = [ Ty ] (1.19)
Ox/On Oy/on 9/0n
1| —1=n) (PT-n) A+n -1+

1.1.4 Finite elements for plates

A plate is a thin solid that may be modelled using 3D elements as shown in Figure 1-6(a)

[5]. But a solid element has unnecessary degrees of freedom, as it computes transverse normal



stress and transverse shear stresses, all of which are considered negligible in a thin plate. Also,
thin 3D elements create problems produced by ill-conditioning because stiffness associated with
thickness-direction ¢, is very much larger than other stiffnesses. The plate element shown in
Figure 1-6(b) has half as many degrees of freedom as the comparable solid element and omits ¢,
from its formulation. In Figure 1-6(b), the thickness ¢ may appear to be zero, but the physically

correct value is used in formulating element stiffness matrices.

z y
| S \
| - n l A
A | " q 19, or — %=
" ) _y P dx
ey Al T
P | 5 7 —>—=X iy P \
7 / / J. 7 & 1@—%}{
S — . S . -
2 T ¢ i B W gy or OV
| - - Il uy
(a) (b) (c)

Figure 1-6: (a) A 3D solid element. (b) The comparble plate element. (c) Plate d.o.f. at a

typical node i, viewed normal to the zy plane

A plane element must be able to display states of constant o, o, and 7, if it is to pass
patch tests. A plate element must be able to display these states in each z = constant layer,
which means that a valid plate element must pass patch tests for states of constant M., M,,
and My,. Figure 1-7 depicts a patch test for constant M, which requires constant 06, /0x in
Mindlin theory (see below) if the test is to be passed. If v # 0, rotations about the x axis must

be prevented at nodes 1, 3, 4, 6, and 7 as shown in Figure 1-7.

M7

3 7

2 5 Ly

1 3 6 2
Mg

Figure 1-7: A patch test for constant curvature (or for constant M, ). Nodal moment loads are

Mg = My = M, Ly/2.
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Mindlin plate theory To account for transverse shear deformation, the assumption that

right angles in a cross-section are preserved must be abandoned [6]. This means that planes

initially normal to the mid-surface may experience rotations different from rotations of the

mid-surface itself. Thus the differential element in Figure 1-8 has the deformations depicted in

Figure 1-9, where 6, and 8, are rotation components of a line initially normal to the mid-surface.

Z,W
dx
1 Pe——
t/2 | ,
|
¥ | _
T O X,u
t/2
5

Figure 1-8: Differential slice of a plate of thickness ¢ before loading

Combining these displacements with Equations 1.20

_ Ou _0v ~_Ou  Ov

Sx—% Sy—a—y ’yzy—a—y‘F%

Equations 1.21 are obtained

00 00
u=20, ez=z2%" ’ywy:z(J—%)

z oy oz
— — joli) _ 0
v=—2le gy =—2%F V,.=%, —be

0
Vz:c:a_;]—i_ey

Pu Pe o
Oy? Yoy = Z@x@y

(1.20)

(1.21)

(1.22)

Equations 1.21 are the main equations of Mindlin Plate Theory. If 0, = 0w/Jy and 60, =

—Ow/0x, transverse shear deformation vanishes and Equations 1.21 reduce to Equations 1.22.

11



Loads and supports Loads in the z-direction, either distributed or concentrated, may

be applied to lateral surfaces z = +t/2 or to edges of a plate. Such loads are called lateral

0
,——-"U
(?y wu=z6g_ ! 7‘*
_H="1
I - ’P{J
I i !
Y.V zl { [
! I [
: ]
E—Xu—== L = x,u
zZ, W lff | i
[
/ _ \Ew
L ’Ex
(b)

(a)

Figure 1-9: (a) Displacements and positive directions for rotations 6, and 6, viewed normal to
the xy plane. (b)Mindlin theory displacements in an xz-parallel cross-section. (c) Mindlin

theory displacemment in a yz-parallel cross-section.

Distributed load has dimensions [force/length?] on a lateral surface or [force/length] on an

edge. A plate edge may also be loaded by a bending moment whose vector is tangent to the

edge. The same kinds of edge loads may be applied to the plate by supports.
At the point where a concentrated lateral (z-direction) force is applied, Mindlin theory

predicts infinite bending moments and infinite displacement. In reality no force can be truly

concentrated, and in plate theory the infinities disappear if the concentrated load is applied

over a small area instead [6].
A Mindlin element is based on three fields [5]: w = w(x,y),

Mindlin plate elements
0r = 02(x,y), and 0, = 0y(x,y). Each is interpolated from nodal values. If all interpolations

use the same polynomial, then for an element of n nodes,

w N@' 0 0 w;

0. ¢r=>_.]0 N; 0 0, v=Nd (1.23)
=1

0, 0 0 N || 64

12



From Equations 1.21 and 1.23 a strain-displacement matrix 3 can be formed. In the stiffness

matrix formula,

- / BTEBdv (1.24)

where E is a 5 by 5 matrix that includes the 3 by 3 E of plane stress and also shear moduli
associated with the two transverse shear strains. Integration of BTEB with respect to z is
done explicitly. Integration in the plane of the element is done numerically if the element is
isoparametric.

The N; are given by Equation 1.14 for a four-node quadrilateral element. In any z =
constant layer, strains vary in the same way as in the corresponding plane element provided
that all terms of the integrand are integrated by the same quadratic rule. This is not usually
done, for reasons discussed below.

Consider the bending mode shown in Figure 1-10. FElement strains e, are independent
of z, therefore, any order of quadrature will report the same strain energy for pure bending.
However, this element displays spurious shear strain. If a/t is large, transverse shear strain -y,
becomes large and the element is too stiff in bending, unless v,, is evaluated at x = 0, where
v,, vanishes. But one-point quadrature for all strains would introduce four instability modes.
This observation suggests ”selective” integration, in which one-point quadrature is applied to
bending terms. Then two instability modes remain. They may be controlled by ”stabilization”

matrices. Calculated stresses are usually most accurate at Gauss points.
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Figure 1-10: A bending deformation in a four-node Mindlin plate element. (a) Four-point

intergration rule. (b) One-point intergration rule.
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1.2 Composite materials

Composites are produced when two or more materials are joined to give a combination of prop-
erties that cannot be attained in the original materials. Composite materials may be selected
to give unusual combinations of stiffness, strength, weight, high-temperature performance, cor-
rosion resistance, hardness, or conductivity.

Composites can be placed into three categories based on their shapes of the materials; partic-
ulate, fibre, and laminar. Concrete, a mixture of cement and gravel, is a particulate composite;
fibreglass, containing glass fibres embedded in a polymer, is a fibre-reinforced composite; and
plywood, having alternate layers of wood veneer, is a laminar composite. If the reinforcing
particles are uniformly distributed, particulate composites have isotropic properties; fibre com-
posites may be either isotropic or anisotropic; laminar composites always display anisotropic

behavior.

1.2.1 Fibre reinforced composites (FRCs)

A fibre reinforced composite is a material which is reinforced with high-strength synthetic
fibrous material such as ceramic, metal, or polymeric material in a softer, more ductile matrix
[7]. The matrix material transmits the force to the fibres, which carry most of the applied force.

Many types of reinforcing materials are employed. Straw has been used to strengthen mud
bricks for centuries. Steel reinforcing bars are introduced into concrete structures. Glass fibres
in a polymer matrix produce fibreglass for transportation and aerospace applications. Fibres
made of boron, carbon, polymers, and ceramics provide exceptional reinforcement in advanced

composites based on matrices of polymers, metals, ceramics, and even intermetallic compounds.

The rule of mixtures for fibre-reinforced composites

As for particulate composites, the rule of mixtures always predicts the density of fibre-reinforced

composites [7]:

Pe = JmPm + [1py (1.25)

where f,, =1 — f; and m and f refer to the matrix and fibre.
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In addition, the rule of mixtures accurately predicts the electrical and thermal conduc-
tivity of fibre-reinforced composites along the fibre direction if the fibres are continuous and

unidirectional:

K. = mem+ffo (1.26)

Oc= fmOm + froy (1.27)

where K is the thermal conductivity and o is the electrical conductivity..

In a composite with a metal matrix and ceramic fibres, the bulk of the energy would be
transmitted through the fibres. When the fibres are not continuous or unidirectional, the simple
rule of mixtures may not apply. For example, in a metal fibre-polymer matrix composite,
electrical conductivity would be low and would depend on the length of the fibres, and how

often the fibres touch each other.

Modulus of Elasticity

The rule of mixtures is used is used to predict the modulus of elasticity when the fibres are
continuous and unidirectional. Parallel to the fibres, the modulus of elasticity may be as high

as:

Ee = fmEm + ffEf (1'28)

However, when the applied stress is very large, the matrix begins to deform and the stress
strain curve is no longer linear. Since the matrix now contributes little to the stiffness of the

composite, the modulus can be approximated by:

E.= f;E; (1.29)

When the load is applied perpendicular to the fibres, each component of the composite acts

independently of each other. The modulus of the composite is now:
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L, s

5 E (1.30)

Again, if the fibres are not continuous and unidirectional, the rule of mixtures does not

apply.

1.2.2 Fibre-reinforced plastic composite materials (FRPs)

A fibre reinforced plastic is a polymer matrix composite composed primarily of plastic and in
which fibrous (graphite, glass, aramid) reinforcements are imbedded with strength properties
superior to those of the base resin. Two of the most important matrix plastic resins for fibre-
reinforced plastics are unsaturated polyester and epoxy resins. The polyester resins are lower in
costs but are usually not as strong as the epoxy resins. Unsaturated polyesters are widely used
for matrices of fibre-reinforced plastics. Applications for these materials include boat hulls,
building panels, and structural panels for automobiles, aircraft, and appliances. Epoxy resins
cost more but have special advantages such as good strength properties and lower shrinkage
after curing than polyester resins. Epoxy resins are commonly used as matrix materials for

carbon and aramid-fibre composites.

Glass fibres for reinforced plastics

Glass fibres are used to reinforce plastic matrices to form structural composites and moulding
compounds. Glass-fibre plastic composite materials have the following favourable characteris-
tics: high strength-to-weight ratio; good dimensional stability; good resistance to heat, cold,
moisture, and corrosion; good electrical insulation properties; ease of fabrication; and relatively
low cost.

The two most important types of glass used to produce glass fibres for composites are E
(electrical) and S (high strength) glasses.

E glass is the most commonly used glass for continuous fibres while S glass has a higher
strength to weight ratio and is more expensive than E glass and is used primarily for military
and aerospace applications.

Glass fibres are produced by drawing monofilaments of glass from a furnace containing
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molten glass and gathering a large number of these filaments to form a strand of glass fibres.
The strands are then used to make glass fibre rovings that consist of a collection of bundles
of continuous filaments. The rovings may be in continuous strands or woven to make woven
roving. Glass fibre reinforced mats are made of continuous strands or chopped strands. The

strands are usually held together with a resinous binder.

Carbon fibres for reinforced plastics

Composite materials made by using carbon fibres for reinforcing plastic resin matrices such
as epoxy are characterized by having a combination of light weight, very high strength and
high stiffness [8]. These properties make the use of carbon fibre plastic composite materials
useful for aerospace applications. In general, carbon fibres are produced from polyacrylonitrile
(PAN) precursor fibres by three processing stages: (1) stabilization, (2) carbonization and (3)
graphitization.

Stabilization, the PAN fibres are first stretched to align each fibre parallel to the fibre axis
and then they are oxidized in air at about 200 to 220°C while held in tension.

Carbonization, the stabilized PAN-based fibres are heated until they become transformed
into carbon fibres by the elimination of O, H and N from the precursor fibre. During the
carbonization process, ribbons are formed within each fibre that greatly increase the tensile
strength of the material.

Graphitization is used if an increase in the modulus of elasticity is desired at the expense of
high tensile strength. During graphitization the preferred orientation of the crystallites within

each fibre is increased.

Aramid fibres for reinforced plastics

Aramid fibre is the generic name for aromatic fibres. Aramid fibres were introduced under the
trade name of Kevlar and at present there are two commercial types. Kevlar 29 and 49. Kevlar
29 is a low density, high strength aramid fibre designed for applications such as bullet proof
vests, ropes and cables. Kevlar 49 is a low density and high strength and modulus used as
reinforcements in composites for aerospace, marine and automotive applications.

Kevlar aramid is used for high-performance composite applications where light weight, high
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strength and stiffness, damage resistance to fatigue and stress rupture are important.

The tensile properties and density of E-glass, carbon and aramid fibres are compared in
Table 1.1. It is noted that glass fibres have a lower tensile strength and modulus than carbon
and aramid fibres but higher elongation. The density of glass fibres is also higher than carbon
and aramid fibres. However, because of their low cost and versatility, glass fibres are by far the

most commonly used reinforcing fibres for plastics.

Property Glass (E) | Carbon (HT) | Aramid (Kevlar 49)
Tensile strength (MPa) 3100 3450 3600
Tensile modulus (GPa) 76 228 131
Elongation at break (%) 4.5 1.6 2.8

Density (g/cm?) 2.54 1.8 1.44

Table 1.1: Comparative properties of fibre reinforcements for plastics

1.2.3 Laminated fibre reinforced plastics and their properties

Material orthotropy Laminate properties (i.e. strength, stiffness, thermal, etc.) depend
on the form of the reinforcement. The directional nature of the fibres introduce directional
dependence to most of the properties. Materials whose properties are independent of direction
are called isotropic materials. Conversely, those materials with different properties in different
directions are called anisotropic. A special case of anisotropy is the existence of two mutually
perpendicular planes of symmetry in the material properties. Such materials are referred to
as orthotropic. Continuous fibre composites are orthotropic in nature and their properties are
defined in the plane of the layer in two directions; the direction along the fibres and the direction
perpendicular to the fibre orientation.

Stiffness is an example of an orthotropic material property of unidirectional fibre-reinforced
laminates. Both the matrix and fibres are generally isotropic. However, when combined, the
properties become anisotropic. Consider a fibre-reinforced material shown in Figure 1-11, loaded

along either the fibre direction, x1, or transverse to the fibre direction, xa.
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Figure 1-11: Elastic properties of a unidirectional fibre-reinforced composite layer

When the material is loaded along the fibre direction, the deformation is small and the tensile
strength is high as shown in Figure 1-12. This figure shows that as the fibre orientation varies
from 0° to 90°, the maximum tensile strength of the material decreases. Since the amount
of deformation under a specified load reflects the stiffness of a material, the unidirectional
composite has different stiffness properties along these two mutually perpendicular directions.
The stiffness of the laminate in the fibre direction is much closer to that of the fibre stiffness,
E¢, and the stiffness perpendicular to the fibre direction is governed mostly by the properties
of the matrix, F,,, Gyn, and v,,. Directions that are along the fibre and perpendicular to the
fibre directions are commonly referred to as the principal material directions or principal axes

of the material.
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Figure 1-12: Effect of fibre orientation on the tensile strength of E-glass fibre reinforced epoxy

composites

Four elastic stiffness properties, commonly referred to as the engineering constants, describe
the mechanical properties of an orthotropic layer in its plane. These are two Young’s moduli,
FE4 and FE», along the fibre and transverse to the fibre directions, respectively, and the shear
modulus G12 and Poisson’s ratio v15 in the plane of the layer. These properties are related
to the amount of fibre present in the composite layer. A quantity, Vy, referred to as the fibre
volume fraction, is commonly used to measure the amount of fibre in a composite material.
Typical stiffness properties of various unidirectional composite materials are given in Table
1.2, along with the fibre volume fraction. The properties are for cured laminates made up of

T300/5208 Graphite/Epoxy.
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Material | P; | p (kg/m?) | By (GPa) | B2 (GPa) | Gi2 (GPa) | v | V;
T300/5208 | 5 1600 181 10.34 7.17 0.28 | 0.70

Table 1.2: Properties of T300/520

Laminate definition

The laminae discussed thus far are described according to a standard notation called the stacking
sequence [9], which lists fibre orientations as being measured from the laminate reference axis.
If the orientation is counterclockwise from the reference direction, it is considered positive. The
standard stacking sequence lists orientations of the different layers, starting from the top of
the laminate to the bottom. A laminate with N layers is represented as [01/602/.../0n] and is
symmetric when the fibre orientations of the bottom half of the laminate are mirror images of the
fibre orientations above the midplane of the laminate; for example, [—45/30/0/45/45/0/30/ —
45]. Symmetric laminates with an even number of layers are represented by the portion of
the stacking sequence above the laminate midplane followed by the subscript ’s’ after the
closing bracket, [—45/30/0/45];. If the layers within the brackets are repeated, the number of
repetitions can also be placed after the bracket before the subscript ’s’. That is the laminate
[45/0/45/0/0/45/0/45] can be represented as [45/0]25. A laminate is said to be anti-symmetric
if the magnitude of the ply orientation angle below the laminate midplane is a mirror image of
the ply orientations above the midplane with the signs reversed. For example, [45/—45/45/—45]
is an anti-symmetric laminate. It can be desirable to place a negative 6 orientation for every
positive 6 orientation. These laminates are called balanced laminates. Pairs of positive and
negative orientations do not have to be placed adjacent to one another.

Several unique cases of laminate stacking sequence definitions can also be used. Laminates
that have alternating orientations of 0° and 90° plies are known as cross-ply laminates. Ex-
amples of cross-ply laminates include [0/90], [0/90]s, and [03/90]s. Laminates consisting of an
equal number of equal-thickness layers at 46 and —@ fibre orientations are known as angle-ply
laminates. For example, a 30° symmetric angle-ply laminate could be [30/ — 30/30/ — 30]s.

All the layers of an angle-ply laminate have the same fibre orientation angle, say 0 = «, with
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an alternating sign. A very important and common class of laminates is called quasi-isotropic
because the in-plane effective elastic response of this class of laminates is isotropic. All sym-
metric laminates with 2N equal-thickness layers (N > 3) and N equal angles between fibre
orientations shown in Figure 1-13, are quasi-isotropic. For N equal angles of Af between fibre
orientations:

Af = (1.31)

=2

Crossplied
quasi-isotropic

Unidirectional

Figure 1-13: An example of a quasi-isotropic laminate with angles A fibres of 0°, 45° (7 /4),
90° (7/2), etc.

Mechanics of FRP laminates

To design a structure that will meet the requirements of certain response quantities such as dis-
placements, stresses or buckling loads, the response for a specific loading must be determined.
Elastic properties form the relation between stresses and strains and are the fundamental quan-
tities that govern the material response. Quantities such as deformations, stresses and buckling
loads depend on elastic properties such as the elastic modulus, shear modulus and Poisson’s
ratio. In designing structures made up of monolithic materials these properties are normally
given and are not included among the set of parameters that the designer varies in order to

improve the performance of the structure. For composite materials, part of the effort is to
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design the elastic properties of the laminate.
Thin structures made from thin layers of material can carry loads through two different
types of mechanisms. The first involves stretching or compressing the layers in their own plane

and is referred to as membrane action. The second mechanism involves bending of the layers.

Orthotropic layers

The effective properties of a unidirectional fibrous composite with the fibres orientated off-axis
can be modeled as a homogeneous anisotropic material [10]. As indicated in Figure 1-14, two
Cartesian coordinate systems are identified: the x1 — x9 — x3 system and the x — y — z system.
The z; direction is the fibre direction, with x5 and x3 directions perpendicular to the fibre
direction. The x —y — z coordinates are obtained by a rotation about the x3 axis. The material
exhibits symmetry with respect to the x — y or y — 2z plane. Such layers are referred to as
orthotropic and the xjand xo axes are the principle axes of orthotropy. When the principal
axes of orthotropy are oriented at an angle, 6, with respect to the axes of the laminate (an

off-axis layer), the laminar behavior will appear to have the characteristics of an anisotropic

material.
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Figure 1-14: Plains of material symmetry for an orthotropic layer

For a material such as a unidirectional laminate the conditions of transverse anisotropy apply.

The stress/ strain relationship can be written as:

24



E; — Sijaj (1.32)

where €; and o; are components of stress and strain and the stiffness matrix S;; is given by:

1/E1 *I/lg/El 0
Sij= | —vie/E1 1/Es 0 (1.33)
0 0 1/G12

Equation 1.32 shows the constitutive relationship for a unidirectional laminate in plane
stress and indicates how the terms in the compliance matrix can be related to engineering

constants. This equation can be inverted to obtain the stress/strain relationships:

o1 Quu Q2 0 €1
P =] Qa Q@22 0 €2 (1.34)
T12 0 0 Q66 Y12

where the terms of @);; are:

Eq Es

Qu = ————, Qa=—"" 1.35
1 —viov91 1 —viov9y ( )
_ v12E vo1 By
Q12 = =
1 —viover 1 —vivy
Qes = G2

and the Poisson’s ratios are:

Va1 _ V12
L 1.
B E (1.36)
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To determine lamina properties with respect to other coordinate axes, the stiffness matrix

must be transformed. For rotation by angle 6 to axes x,y, it can be shown that

O Eg
oy |=1[Q]| e, (1.37)
Txy Yy

The transformed stiffnesses matrix is @, the elements of which are

Qi = Qum®+2(Qi2+ 2Qe6)n"m” + Qoan* (1.38)
Qiz = (Qu + Qx —4Qss)m’n” + Qua(n* +m*)

Qy = Qun* +2(Qu2 +2Qe6)n*m* + Qaem*

Qi = (Qu — Qiz — 2Qs)nm” + (Q12 — Q22 + 2Qes)n°m

Qs = (Qu1— Q12 —2Qes)n*m + (Q12 — Q22 + 2Qe6)nm®

Qs = (Q1+ Q2 —2Q12 — 2Qes)n*m? + Qes(n* +m?)

where m = cosf and n = sin 0

These equations can be put into a simpler form by using trigonometric identities to replace

the terms with powers of sines and cosines of the fibre orientation angle 6 with the sine and cosine

of multiple angles 26 and 46. Tsai and Pagano [11] defined the following material properties:

Ux
Us
Us
N

Us

% (3Q11 + 3Q22 + 2Q12 + 4Q¢s6) (1.39)
2 (@u —Qn)

% (Qu1 + Q22 — 2Q12 — 4Qs6)

é (Q11 + Q22 +6Q12 — 4Q¢s)

1

3 (Qu1 + Q22 — 2Q12 + 4Qs6)

which yield a simpler form of the transformed reduced material stiffness matrix as
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Q11 = Ui+ Uzcos20 + Uscos 4l (1.40)
Q12 = Us—Uscos4d

Qoo = Uy —Uszcos20 + Us cos 46

Qg = %Uz sin 20 + Us sin 46

2% = %Ug sin 20 — U3 sin 46

Qes = Us —Uscos4l

Both the U’s and the @Q’s are independent of the ply orientation, but the Q’s are dependent
on ply orientation for orthotropic materials. An advantage of the form of the reduced stiffnesses
in Equation 1.40 is the constant parts of Qq1, @19, Q99, and Qgg given in terms of the Uy, Uy,
and Us which do not depend on the ply orientation. Based on this feature, the U’s are sometimes

called the material invariants.

Elastic properties of FRP laminates The in-plane, bending and coupling stiffness matri-
ces are sufficient to describe the elastic response characteristics of a laminate under combined
in-plane and bending loads [9]. Due to the complex couplings that exist between the different
deformation modes for laminates, it is not possible to associate the stiffness properties of a
laminate with quantities that are similar to the classical elastic material properties.

Unless the lamination sequence is symmetric with respect to the laminate midplane, there
exists a coupling (B # 0) between in-plane and bending deformations. A more intricate coupling
is due to the Big and Bog terms. These terms may induce twisting deformations in laminates
even if there is no applied twisting action. Laminates loaded by in-plane loads inducing uniform
in-plane stress states will experience twisting curvatures. The Big and Bsg terms are often
referred to as the extension-twisting coupling terms and are caused by the existence of off-axis
layers that are not symmetric with respect to the laminate midplane.

When restricted to symmetric stacking sequences, vanishing of the B matrix eliminates
coupling between the in-plane and out-of-plane responses of a laminate. In this case, the

midplane strains are only related to the in-plane stress resultants and the curvatures to the
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moment resultants.

For the bending stiffness matrix, the stiffness terms Dig and Dsg couple the moment re-
sultants M, and M, with the twisting curvature. The resulting effect is the tendency of the
laminate to curl under applied uniform bending moments. Thus, the Dig and Dsg terms are
referred to as the bending-twisting coupling terms. These terms exist for all laminates that have
layers with off-axis orientations. Their relative magnitude compared to the other bending stiff-
ness terms may be made small by manipulating the stacking sequence, but unless the off-axis
layers are removed from the laminate they will have a finite value.

Similarly, the existence of the A1 and Agg terms in the in-plane stiffness matrix yields a
coupling behavior termed shear-extension coupling. The net effect of these terms on the laminate
response is the induction of shearing deformation under in-plane normal stress resultants V, and
Ny. Although the primary reason for the existence of these terms is the presence of layers with
off-axis fibre orientations, unlike the bending-twisting terms, these terms may be eliminated
quite easily by enforcing a balanced condition of the off-axis layers. Balanced laminates have to
be placed adjacent to each other, but can be at separate through-thickness locations. However,
the distance between them has a direct influence on the D16 and Dgg terms. Balanced laminates
with adjacent layers of plus and minus # orientations will have smaller bending-twisting terms
compared to ones that have layers with the same orientations grouped together and separated
from the layers with negative angles.

In cross-ply laminates the Dig and Dag terms are zero since the Q4 and Qo4 terms are zero.

The A1 and Asg terms are zero for angle ply laminates.

Laminate theories

Classical Laminate Theory Classical Laminate Theory (CLT) applies to plates that are
infinitely long and wide. In other words it ignores edges. In many real situations laminates will
have edges, for example a plate containing a hole or a plate of finite width [12]. At such edges
the assumptions of CLT break down and the in-plane stresses (04,04 04,) alone are found not
to satisfy local equilibrium on the stress-free boundaries. The through thickness direct (o) and
shear (1) stresses shown in Figure 1-15, can be calculated from advanced applied mechanics

theories or from finite element analysis. It is found that within one plate thickness from the edge
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these stresses can be sufficiently high to exceed the (low) through-thickness strengths. Both
their magnitude and sense (tension or compression) are determined by the laminates sequence.
Hence it is possible to minimize their effect and reduce the chance of failure, by interlaminar

shear or tension, initiating at an edge.

/\;“\
N

Figure 1-15: Stresses at laminate edge in the thickness (z) direction

A simple illustration of this situation is given by a cross-ply laminate when loaded in tension
parallel to the 0° plies. With a (0/90°), stacking sequence the through-thickness direct stress
on the edges parallel to the load is tensile, whilst for a (90/0°), stacking sequence the stress is

compressive. Clearly the former stacking sequence is preferred.

Assumptions of CLT The following assumptions are fundamental to laminate theory
[10]:

1. The laminae are perfectly bonded.

2. Each layer is a homogenous material with known effective properties.

3. Individual layer properties can be isotropic, orthotropic or transversely isotropic.

4. Each layer is in a state of plane stress.

5. The laminate deforms according to the following Kirchhoff assumptions for bending and
stretching of thin plates:

5a. Normals to the midplane remain straight and normal to the deformed midplane after
deformation.

5b. Normals to the midplane do not change length.
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Laminates of orthotropic plies CLT assumes that N orthotropic layers are perfectly
bonded together with an infinitely thin bond-line and the in-plane deformations across the
bond-line are continuous [9]. The mechanical behavior of laminated plates is characterized by

the following relationship:

NT = Ac° + BK (1.41)
MT = Be° + DK (1.42)

where NT' = (N, N, Ny ) is the vector of in-plane force resultants; M7 = (M, M,,, My,) is the
vector of moment resultants; e = (53, Eq> sgy> and K = (K, Ky, K;,) are the midplane strains
and plate curvatures, respectively. Using CLT u, v and w being the midplane displacements in

the z, y and z directions:

€0 = Uy K = —w
o __ e

Ey = Vy Ky = —wy,y (1.43)
o _ J—

Eay = Uy T Vo Koy = —2wgzy

Equations 1.41 and 1.42 collectively are known as the 'plate constitutive equations’, and the
associated analysis as ’Classical Laminate Theory’.

The elements of the A, B and D matrices are

N
Ay :k:1 <@ij>(k) (2k — 2k-1) (1.44)
N
B;; = % kgl <@ij>(k) <le - Zl%—l) (1.45)
Dij = é é (@ij>(k) (zi’ - Zl%ﬂ) (1.46)

with ¢ = 1,2,6 and j = 1,2,6 and where the @”|k are the elements of the reduced stiffness
matrix of layer k and zj the coordinates of the interface between ply k and ply k£ + 1.

Equation 1.44 represents the in-plane stiffness matriz, Equation 1.45 represents the cou-
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pling or bending-extension stiffness matriz, and Equation 1.46 represents the material flexural
stiffness matriz.
Examination of the plate constitutive Equations 1.41 and 1.42 allows us to identify similar

couplings for laminates, the appended for thus becomes

Ny Ann Az Ass €y Bi1 Biz B K,

Ny = Ay Axy Ags ey |t | Bar Bz DBos K, (1.47)
Nay | | Azt Asx Asz | | €3, | | Ba Bs2 Bss Ky

M, Bi1 Bi2 Bis €7 Dy Dia Daig K,

M, = By Bys Bas ey | 7| Dz D2 Das K,

Mey | | Ba1 Bsa B3 | | eqy | | Da1 D32 Dss Ky

noting that Ao = A9 ete.

We can make the following associations:

e A3 and Asg relate in-plane direct forces to in-plane shear strain, or in-plane shear force

to in-plane direct strains.

e Bi1, Bis and Bsgs relate in-plane direct forces to plane curvatures, or bending moments

to in-plane direct strains.

e B3 and Bsg relate in-plane direct forces to plate twisting, or torque to in-plane direct

strains.
e B33 relates in-plane shear force to plate twisting, or torque to in-plane shear strain.

e D3 and Ds3 relate bending moments to plate twisting, or torque to plate curvatures.

In applications where symmetric laminates are used, the B matrix representing the bending-

extension coupling vanishes and:

{N} = [A]{e%} (1.48)
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{M} = [DI{K} (1.49)

The FEM and the analysis of laminated plates The layered nature of laminates means
that only certain types of elements can be used efficiently within the FEM. It would, in theory,
be possible to stack three-dimensional solid elements with one layer of solids representing a
laminate ply. This is impractical for two reasons. It would be expensive to run such a model if
the lay-up had more than a few plies and a real structure was being represented. In addition,
layering solid elements through the thickness of relatively thin plates leads to ill-conditioned
sets of equations. For these reasons solids tend to be used either where the lay-up is very thick
or the geometry is more solid than plate-like, or where there is a three-dimensional field in the
material, as can occur at the free edges of plates. In the latter case the 3D nature of the stress
field is only significant over a short length, typically 3-5 thicknesses, and a small 3D sub-model

of the region can be used [5].
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Figure 1-16: A bilinear quadrilateral and its eight nodal degrees of freedom

Figure 1-16 shows a typical four node quadrilateral flat plate element with only in-plane
displacements. Such elements are widely used in composite analysis for modelling the in-plane
behavior of flat plates. However, care must be taken to ensure that both the stresses and

the displacements are zero out of the element’s plane, otherwise the model is not valid. With
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layered composites this depends upon the orientation of the plies. If the lay-up is not balanced
then this 2D element cannot be used.

In practice it is more usual to employ a plate or shell element. The shell is modelled in
terms of its mid-surface plane rather than the complete volume. The standard bending theory
assumption that the strains only have a combination of constant and linear variation through
the thickness of the shell is then used. This means that the deformation of the shell can then
be defined by stretching (for the constant strain components) and rotation (for the linear strain
components) of the shell’s mid-thickness surface.

Both the two-dimensional solid and the general plate element can occur as quadrilaterals or
triangles. They all have nodes at the corners of the element.

Provided that the shell is thin, then shell theory gives a good description of its behavior.
It is assumed that there is no stress or strain in the direction normal to the plane of the mid-
surface. With this idealized behavior it is only necessary to define displacements and rotations
as the degrees of freedom on the element mid-surface plane. However, if Kirchhoff thin shell
theory is used it is found to be very difficult to derive finite elements for other than very simple
(rectangular) geometries. This arises from the need to differentiate the transverse displacements
twice to derive the bending strains. Definition of the shape functions and determination of the
Jacobian matrix for arbitrary shaped elements has not proven to be simple in such cases.
Instead, other shell theories have been used, typically the Mindlin theory [5]. These allow for
transverse shear strains to occur so that the bending strains take the form:

ou' 00,

Pl — ——— e 1.
Exly &U/Jrz 9 (1.50)

where the ”prime” denotes that these are coordinates and displacements in local coordinates in
the plane and normal to the mid-thickness surface. There are other similar terms for the other
bending strains. This definition of strain only requires first derivatives to be found, which greatly
simplifies the determination of the Jacobian matrix. In addition, the formulation allows for the
transverse displacements w’ and the rotations 6,/ and 6, to be interpolated independently of
each other. It is this which greatly simplifies the definition of the shape functions. Standard

shape functions of the form:
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w/ = [N1N2N3...Nm] (1.51)

and

0, = [N1N2N3...Np,] (1.52)

can be used, where the shape function for the it node, N;, is the standard simple form used

for many 2D membrane plate and solid elements.

The Mindlin theory allows shear strains to occur and so these must also be included in the
element behavior and take the typical form (constant through the thickness):
ow'

Eg! = W + Oy, (1.53)

In reality the transverse strains cannot be constant through the thickness since they must
be zero on the top and bottom faces of the plate, and they will generally vary in some parabolic
form through the thickness. The transverse shears in the Mindlin theory therefore represent
average through-thickness values. For thin plates the consequence of the variation through the

thickness is second order and this average value is quite sufficient for good accuracy.

1.2.4 Buckling of fibre-reinforced flat plates

Fibre-reinforced laminates can fail by a phenomenon known as buckling when subjected to com-
pressive or shear loads [13]. This is especially true if the laminates are thin. The characteristic
of buckling is that the panel retains its original configuration until the initial buckling load is
reached, at which point large out-of-plane displacements occur. The magnitude of the load is

determined by the stiffness of the laminate, together with the geometry and edge supports.
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Most structures can continue to sustain load over and above the initial buckling strength.
Final failure will be determined by the strength of the laminate and it is usual for the design

load to be equal to, or less than the initial buckling load.

Classical Laminate Theory

Consider a symmetrically laminated rectangular plate of length a, width b and thickness H
which consists of n orthotropic layers with fibre angles 0,k = 1,2, ..., K, as shown in Figure

1-17.

Figure 1-17: Geometry and loading of plate

The plate is defined in the Cartesian coordinates z, y and z with axes x and y lying on the
middle surface of the plate, and is subjected to biaxial compressive forces N, and N, in the x
and y directions, respectively, with the load ratio defined as A = Ny /N, (where 0 < XA <1 is
the proportionality constant) as shown in Figure 1-17.

If the effects of transverse shear deformation are neglected, then it may be shown that the

buckling load is given by

n2n? Diia;,2 +2(Dya+

N(m,n) = 55—~
(1 +Xa%n) | 4 2Dgg) + Dana,,

(1.54)
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where m and n represent the half wave numbers, o, = na/mb and D;; are the bending
stiffnesses.

The critical load is obtained by minimising N (m,n) over the integer parameters m and n.
Thus the critical buckling load is given by

Nippn = min N(m,n) (1.55)

gl

In Equation 1.54, the terms involving bending/twisting coupling stiffnesses D¢ and Dag have
been omitted. Their effect on the buckling load becomes negligible provided the following

conditions are satisfied
Dig/(D11D3)V* < 0.2, Dyg/(D22D3y)/* < 0.2 (1.56)

First-order shear deformable theory

If the effects of transverse shear deformation are to be included, a first-order shear deformable

theory can be employed to analyse the problem. For example, assume the following displacement

field:

)
) + 2, (2, y) (1.57)

where u,, v, and w, are the displacements of the reference surface in the x, y and z direction,
respectively, and 1,1, are the rotations of the transverse normal about the x and y axes.
The in-plane strain components can be written as a sum of the extensional and flexural

parts and they are given as

{6} = {e} + 2{es} (1.58)

where

{E}T = (€, €y €xy)
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Uoz (2
{ep} = Voy , {ert = by (1.59)
Uoy + Vo Yy + 1y
Here, a subscript after the comma denotes differentiation with respect to the variable following
the comma.
The transverse shear strains are obtained from
Va2 Woz + Yy

() = - (1.60)
Yyz Wo,y + 1y

The equations for in-plane stresses of the k-th layer under a plane stress state may be written

Og Qu Qi Q6 €z
Oy = | Q2 Q2 Qs e, | = [Qlw{e} (1.61)
Ty Q6 Q26 Qs €xy

(k) (k)

and similarly for the transverse shear stresses as

el B ) — o) (162

Tz (k) Q45 Q55 k) Yz

where « is a shear correction factor [14], and Qij are the transformed stiffnesses. Equations

1.61 and 1.62 may be written in compact form as

o = Qre (1.63)

where Qj, refers to the full matrix with elements (QU) k,» and o}, and € represent in-plane and
transverse stresses and strains, respectively. The resulting shear forces and moments acting on

the plate are obtained by integrating the stresses through the laminate thickness, viz.

h/2
(VT = (V,, V) = / (Tazs T2 )dz
h/2
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h/2

(MVT = (M, My, My,) = [ s o 0 7000202 (1.64)

The relations between V and M, and the strains are given by

{V}=151{r}, {M} = [Dl{es} (1.65)

where the stiffness matrices [S] and [D] are computed from

[5]= a;/h“[c](mdz
K rhy

D] =>" [Qlkyz°dz (1.66)
k=1"7Tk—1

From the condition that the potential energy of the plate is stationary at equilibrium, and
neglecting the pre-buckling effects, the equations governing the biaxial buckling of the shear

deformable laminate are obtained as

Mw,:c:c + 2Mwy,zy + My,yy + Nwwﬁlﬂ? + Nywvyy =0

Mz,z + M:cy,y —Ve=0 (167)
Myy + My —Vy =0

where N, and NN, are the pre-buckling stress components which are shown in Figure 1-17. As
no simplifications are assumed on the elements of the [D] matrix, Equations 1.67 include the

bending-twisting coupling as exhibited by virtue of Dig # 0, Dgg # 0.

Finite Element Method The shear deformable model can be easily solved using the finite

element method. Consider the finite element formulation of the problem based on Mindlin type
theory. Let the region S of the plate be divided into n sub-regions S, (S, € S;r =1,2,...,n)
such that
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n

M(u) = > 1% (u) (1.68)

r=1
where II and TIS" are potential energies of the plate and the element, respectively, and u is the
displacement vector. Using the same shape functions associated with node i (i = 1,2,...,n),

Si(x,y), for interpolating the variables in each element, we can write

n

u = ZSi(:L‘,y)ui (1.69)

=1

where u; is the value of the displacement vector corresponding to node ¢, and is given by

w={ul) vf W @ pinT (1.70)

The static buckling problem reduces to a generalized eigenvalue problem of the conventional

form, viz.

(K] + A[Kg]) {u} =0 (L.71)

where [K] is the stiffness matrix and [K¢] is the initial stress matrix. The lowest eigenvalue
of the homogeneous system seen in Equation 1.71 yields the buckling load. Note that here A
denotes the eigenvalue, and should not be confused with the proportionality constant: A =

N,/N,.

1.2.5 Flexural response of fibre reinforced flat plates

The major difference between designing for in-plane response and flexural response is in the
importance of the stacking sequence. For in-plane response, only the total thickness of the
layers of a given orientation matters, whereas for flexural response, the order of the layers with
different orientations is as important as their total thickness. Layers that are located on the
outside of the laminate contribute much more to the overall flexural stiffness than identical
layers that are located near the midplane. Unlike in-plane response, flexural stiffness response
often depends not only on the thickness of the laminate but also on its other dimensions.

Consider a symmetrically laminated rectangular plate of length a, width b and thickness
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H under a transverse bending load ¢(z,y), as shown in Figure 1-18. The plate is located in
the z,y, z plane and constructed of an arbitrary number K of orthotropic layers of thickness ¢
and fibre orientation 6; where k = 1,2, ..., K. The displacement of a point (z°, 4°, 2°) on the
reference surface is denoted by (u”, v9, w?).

The governing equation for the deflection w in the z direction under a transverse load g is

given by [15]:
Y
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Figure 1-18: Geometry and loading of plate
Dllwawwww +4D16wawx:cy +2(D12 + 2D66)w7:c:cyy +4D26wvayy +D22wayyyy =dq (172)

where variables after the comma denote differentiation with respect to that variable.
As no simplifications are assumed on the elements of the [D] matrix, Equation 1.72 includes

bending-twisting coupling as exhibited by virtue of Dig # 0, Dag # 0.
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Finite Element Method This model can be solved using the finite element method. Con-
sider a finite element formulation of the problem based on Mindlin type theory. Let the region

S of the plate be divided into n sub-regions S, (S, € S;r =1,2,...,n) such that

= En: 15" (u) (1.73)
r=1

where II and TIS" are potential energies of the plate and the element, respectively, and u is the
displacement vector. Using the same shape functions associated with node j (j = 1,2,...,n),

S;j(z,y), for interpolating the variables in each element, we can write

u :i Si(z,y)u; (1.74)

where u; is the value of the displacement vector corresponding to node j, and is given by

u={u? v i) gj)’ éj)}T (1.75)

The displacements {u, v, w, ¢1, ¢y} are approximated as

j—l 7=1 7j=1
& = 251%(37 Y), ¢g = Z S3 % T, y) (1.77)
j=1

where 1); are Lagrange family of interpolation functions. From the equilibrium equations of
the first order theory, and Equation 1.76, we obtain the finite element model of the first-order

theory,

5 n
S S KA -Fr =0, (a=1,2,...5) (1.78)
[B=1j=1

[K]{A} = {F} = {0} (1.79)
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where K and F are the stiffness and force coefficients respectively, and the variable A denotes

the nodal values of w and its derivatives.

1.2.6 Failure criteria

For the determination of strength of any material it is the usual practice to estimate the
stress at the time and location when failure occurs. In the case of conventional materials
we need only to determine the maximum tensile, compressive, or shear stress and can then
make some observation about the failure and the failure mechanism. This process is relatively
straightforward because isotropic materials have no preferential orientation and usually one
strength constant will suffice. The isotropic material is essentially a one-dimensional or one-
constant material. The Young’s modulus for stiffness will suffice because Poisson’s ratio is taken
to be about 0.3, and the uniaxial tensile strength will also suffice because the shear strength is

taken to be about 50 to 60 percent of the tensile.

For composite materials, however, the one-constant approach for stiffness or for strength
is no longer adequate. Six constants for the strength of unidirectional composites are needed.
The number of constants however do not introduce conceptual difficulty. We know that unidi-
rectional composites have highly directionally dependent strength. The longitudinal strength
can be twenty times that of the transverse and shear strength. So for any state of applied
stress, all three stress components must be examined before a judgment on the cause of failure
can be made. We cannot say quickly the specific stress component that is responsible for the
failure. Probably all three components are responsible. The effect of combined stresses must

be systematically determined and can be regarded as a way of life for composites.

The determination of strength using failure criteria is based on the assumption that the
material is homogeneous (properties do not vary from point to point) and its strength can be
experimentally measured with simple tests. Failure criteria provide the analytic relation for
the strength under combined stresses. There is another approach of strength using fracture
mechanics. A material is assumed to contain flaws. The dominant flaw based on its size, shape
and location determines the strength when its growth cannot be stopped.

For composite materials, we need a failure criterion for the unidirectional plies. The strength

of a laminated composite will be based on the strength of the individual plies within a laminate.
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We would expect successive ply failure as the applied load to a laminate increases. We will
have the first ply failure (FPF) to be followed by other ply failures until the last ply failure
which would be the ultimate failure of the laminate. The ply stress and ply strain calculations

for symmetric and general laminates are intended for strength determination.

Tsai-Wu failure criterion

A general form of the failure criterion for orthotropic materials under plane stress assumption
is known as the Tsai-Wu failure criterion [16],[17], which stipulates that the condition for

non-failure for any particular ply is:

F (0) = Fnagk)agk) + Fggagk)oék) + F66T§];)T§];) + 2F120'§k)0'gk) + Flagk) + FQO'gk) <1 (180)
where the strength parameters Fii, Fao, Fgg, F1, F2 and Fis are given by

Fip = 1/(XX.) Fy = 1/(Y}Ye) Fee = 1/G? (181)
P =1/X,-1/X, Fo=1/Y,—-1)Y. Fi=—3VFiF»

and Xy, X, Y, Y. are the tensile and compressive strengths of the composite material in the

fibre and transverse directions, and G is the in-plane shear strength.

Typical strength properties for T300/5208 unidirectional laminae are given in Table 1.3

Longitudinal Longitudinal Transverse Transverse
Material tensile compression tensile compression Shear
X X’ Y Y’
T300/5208 1500 MPa 1500 MPa 40 MPa 246 MPa 68 MPa

Table 1.3: Strength properties of T300/5208
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1.3 Robust design

Tolerances of design variables due to variations in manufacturing processes and user environ-
ment may affect the quality and performance of a product [18]. It is usually beneficial to account
for such variances in the design process, and in fact, sometimes it may be crucial, particularly
when the effect is of consequence. Robust Design Optimization (RDO) is intended to yield a
system that performs with minimal variability in the face of input variations or uncertainties.
RDO methods generally seek to minimize the variation of an Aggregate Objective Function
(AOF) and to maintain design feasibility under input variations. The optimization outcome
depends on (i) the acceptable level of variations in performance, and (ii) the level of input
variations [19]. Robust design, then, is an approach that explicitly recognizes the effects of
these variations and seeks to minimize their consequences - without eliminating their sources.
Various researchers have used robust optimization techniques in the design optimization of
structures. For example, Sandgren & Cameron [20] studied the robust design optimization of
structures under the presence of variation in loading, geometry and material properties. They
used a Monte Carlo simulation embedded into a genetic algorithm, together with a hybrid
genetic/non-linear algorithm and a multi-objective formulation to determine a design solution
that is optimal under the primary design criteria, but insensitive to variation. Liou & Jang [21]
describe a procedure for considering stress distributions in forged products and use the finite
element method together with a robust design approach. In order to extend the operating life
of products and satisfy the quality of operation during the customer usage, it is necessary to
monitor residual stresses during the forging operations. The finite element method and robust
design methodology were utilized to identify the controlling process parameters which can mon-
itor the residual stresses in forged products. Lee & Park [22] describe a robust optimization
strategy for dealing with discrete constrained design problems. A relatively simple method is
proposed to select discrete and robust optimum. At first, the discrete design is achieved as the
postprocess of conventional optimization. An orthogonal array is established around a conven-
tional optimum, and the characteristic functions are evaluated. The characteristic function is
defined by considering the robustness of the objective and constraints. The parameter design of
the Taguchi method is introduced to obtain the robust solution in discrete space. The method is

insensitive to variations of the design variables within the selected discrete values enhancing the
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feasibility of constraints. Several structural problems are solved to demonstrate the technique.
In another paper, Lee & Park [23] propose a robust optimization technique which accounts for
tolerances of design variables. The approach suggested in the paper was developed to obtain
an optimum value insensitive to variations on design variables within a feasible region, and
is performed by using a mathematical programming algorithm. A multiobjective function is
defined to have the mean and the standard deviation of the original objective function, while
the constraints are supplemented by adding a penalty term to the original constraints. This
method has an advantage in that the second derivatives of the constraints are not required.
Several standard problems for structural optimization are solved to check the usefulness of the

suggested method.
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1.4 Design optimization procedures

Researchers and designers use various design optimization techniques to optimize the design
of structures and make them more efficient. With the advent of fibre-reinforced laminated
composites, these optimization techniques have helped engineers minimize the calculation time

and simplify complexity to produce optimal structures.

1.4.1 Minimization or maximization of functions

Consider a function f that depends on one or more independent variables [24]. The value of
those variables where f takes on a maximum or a minimum value must then be found. The
value of f that achieves the maximum or minimum can then be calculated. The computational
requirements are to perform the computation quickly and economically and to use as little
memory as possible. Often the computational effort is dominated by the cost of evaluating f.

In such cases it is necessary to evaluate f as few times as possible.

A 1 A-'Z

Figure 1-19: Extrema of a function in an interval. Points A, C, and E are local maxima.
Points B and F are local minima. The global maximum occurs at G, while the global
minimum is at D. The points X, Y , and Z are said to bracket the minimum F, since Y is less

than both X and Z.

An extremum can be either global or local as shown in Figure 1-19. Finding a global

extremum is often very difficult and two standard heuristics are often used. The first is to find
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the local extrema by starting from widely varying values of the independent variables (perhaps
chosen quasi-randomly), and then pick the most extreme of these. The second is to perturb a
local extremum by taking a finite amplitude step away from it, and see if the routine returns

to a better point, or returns to the original point.

1.4.2 Examples of search routines

There are various techniques for finding maxima or minima, including Simulated Annealing,
Linear Programming, Monte Carlo and the Golden Section method. Simulated Annealing
is a relatively new optimization routine and has solved problems previously thought to be
unsolvable. This routine directly addresses the problem of finding global extrema in the presence
of large numbers of undesired local extrema. Linear Programming is a well developed area of
Constrained Optimization where both the function to be optimized and the constraints happen

to be linear functions of the independent variables.

The Golden Section method

The Golden Section method is a simple one-dimensional search routine that works as follows [24]:
The root is bracketed in an interval (ap, by). The function is then evaluated at an intermediate
point z, and a new, smaller bracketing interval, either (ap,zp) or (xp,bp) is obtained. This
process continues until the bracketing interval is acceptably small. It is optimal to choose z,
to be the midpoint of (ap, b,) so that the decrease in the interval length is maximised when the
function is as uncooperative as it can be. The position of x, is found by manipulation and the

end result is:
3—5
2

= 0.38197 (1.82)

There is a precise translation of these considerations to the minimization problem. To bracket
a minimum involves bracketing a pair of points, a, and b,, when the function has opposite sign
at these two points, which gives the root of a function. A minimum, by contrast, is known
to be bracketed only when there is a triplet of points, a, < b, < ¢, (or ¢ < by < ap), such
that f(b,) is less than both f(a,) and f(cp). In this case it is known that the function (if it is

nonsingular) has a minimum in the interval (ay, c,).
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The analog of bisection is to choose a new point ), either between a, and b, or between
b, and c,. If the latter choice is made, then f(xp) is evaluated. If f(b,) < f(zp), then the new
bracketing triplet of points is (ap, by, p); if f(bp) > f(xp), then the new bracketing triplet is
(bp, xp, cp). In all cases the middle point of the new triplet is the abscissa whose ordinate is the
best minimum achieved thus far. The process is continued until the distance between the two

outer points of the triplet is tolerably small.

The Downhill Simplex method

The Downhill Simplex algorithm gives a robust method that does not rely on derivatives to
provide function minimization for any order dimensional space, but at the expense of conver-
gence speed due to the increased number of function calls in comparison to other optimization
algorithms.

In a sense the simplex rolls downhill due to computation of the function values at the vertices
of the simplex, replacing vertices (except the low value) within each iteration of the algorithm.

The simplex method in N dimensions uses N + 1 points within the merit space to define the
simplex. Selection of these points can be prescribed, but random selection allows the potential
to fully investigate the merit space. The function values are found at each of these points. The
points with the low (Pp,), high (P;), and second high (P») function values are determined. Next,
the centroid of the points except P;, P , is determined. The simplex method essentially has
four steps possible during each iteration: reflection, contraction in one dimension, contraction
around the low vertex, and expansion. The basis for each step is provided here:

(1) Reflection: A reflected point, Pg, is found by reflecting P; through P with the equation:

Pr=(1+a)P—aP, (1.83)

where « is the reflection factor (Nelder and Mead [25]: « = 1). Pg replaces P if f(Pr) <
f(Pr) < f(P1).

(2) Expansion: if f(Pr) < f(Pr) then the simplex grows along the centroid direction with
the hope that the expansion point, Pg, is better than P;. The expansion is determined with

the equation:
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Pg=(1—~)P+~Pg (1.84)

where v is the expansion factor (Nelder and Mead [25]: v = 2). Pg replaces P if f(Pg) <
f(Pr)

(3) 1D Contraction: if f(Pg) > f(P2) then the simplex contracts along the centroid direc-
tion with the hope that the contracted point, Pg, is better than P. The 1D contraction is
determined with the equation:

Po=(1-B)P+ B, (1.85)

where (3, is the 1D contraction factor (Nelder and Mead [25]: 5; = 0.5) and Py is the
selection of P} or Pg which has the lowest function value. Po replaces P; if f(Pco) < f(Fo)
(4) Full contraction: if f(Pc) > f(Fo) then 1D contraction does not suffice, and the whole

simplex is contracted around Py,. The full contraction is determined with the equation:

Py = (1= 0)Pr+ (2P (1.86)

where (3, is the full contraction factor (Nelder and Mead [25]: 85 = 0.5) and P; represents
all the points except Pr.

Typically, when a point replaces P; the current iteration is completed. Next the termination
condition is checked. If the tolerance is not met then the next iteration is started. If the

tolerance is met, then the optimization is complete.
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1.5 Design optimization of laminated composites

The use of laminated composite materials as structural components is becoming widespread in
several branches of engineering. An advantage of FRC materials over conventional ones is the
possibility of tailoring their properties to the specific requirements of a given application. The
tailoring is mostly achieved by maximizing the mechanical properties as a result of selecting

the layer fibre angles optimally.

1.5.1 Design optimization with buckling loads

An important failure mode for FRC structures is buckling under in-plane loading. The in-
plane load carrying capacity of these structures can be maximized by using the ply angle as
a design variable and determining the optimal angles. Optimization of composite structures
with respect to ply angles to maximize the critical buckling load is necessary to realise the full
potential of fibre-reinforced materials. Numerous researchers have demonstrated the benefits
of design optimization and some examples that account for in-plane loading are Refs [26]-[33].
The effects of boundary conditions and of bending twisting coupling on the buckling load of
symmetric angle ply laminates have been investigated in Refs [34],[35]-[37]. In Ref [38] the
fibre orientations, laminae thicknesses and material combinations are used as design variables,
and the technique proposed is used to select the best combination for minimum cost for plates
subject to compressive loads. In Ref [39] a method of feasible ply directions is used to determine
optimal thickness distributions over the plate that yield maximum uniaxial and biaxial buckling

loads.

1.5.2 Design optimization for minimum weight

A number of studies concerning the minimum weight design of composite structures appear
in the literature. Angle-ply laminates subjected to uncertain loads were considered by Adali
et al. [40] who used a convex modelling approach in their analysis. The optimal design of
symmetrically laminated plates under transverse loads was given by Tauchert and Adibhatla
[41] using the minimum strain energy criterion, by Quian et al. [42] and by Kengtung [43] using

the minimum structural compliance criterion. A maximum stiffness design for both symmetric
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and antisymmetric laminates was considered by Kam and Chang [44]. Adali et al. [45] inves-
tigated the minimum weight and deflection design of thick sandwich laminates via symbolic
computation. Phillips and Giirdal [46] and Triantafillou et al [47] detailed the optimal design
of composite panels and hybrid box beams, respectively. The former used analysis routines in
conjunction with an optimization package to provide design schemes for geodesically stiffened
minimum weight aircraft wing rib panels. Optimal weight design of shells was considered by
Min and Charanteney [48], who investigated sandwich cylinders under combined loadings. A
study by Ostwald [49] considered the combined loading cases of external pressure and axial
compression in the optimization of thin walled shells. The Bubnov-Galerkin method was used
to solve the stability problem. A paper by Walker et al. [33] focuses on the minimum deflection
and weight designs of laminated composite plates. The finite element method using Mindlin
plate theory was used in conjunction with optimization routines in order to obtain the optimal
designs. Comparative results are presented for minimum weight priority design as an alterna-
tive to minimum deflection/minimum weight priority design to investigate the effect of priority
on the deflection and weight.

Various researchers have investigated the design of composite structures under in-plane
loads for minimum weight. For instance, Lucoshevichyus [50] and Shin et al [51] investigated

the design optimization of plates, while Walker et al [52] dealt with laminated cylinders.

1.5.3 Robust design for laminated structures

Very few researchers have dealt with the robust design of composite structures. Chiang [53]
used a robust design approach to improve the accuracy of the Iosipescu shear test specimen.
The statistical design of experiments based on the finite element method was employed, and
was able to identify the influential design variables. Refs [54],[55] describe a methodology which

uses a random global search algorithm to explore near optimal designs for different tolerances.

1.5.4 Design methodologies for the design of laminated structures

Various researchers have proposed design methodologies or techniques for the optimization of
composite structures, and some consist of two or more stages. For example, Walker et al [56]

describes a describes a methodology that can be used to select the best material combinations
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and optimize the design of hybrid composite plates subject to minimum weight and cost.

In the Refs [38]-[61], Walker and Smith describe several different techniques for the design
optimization of composite structures. In the first, the fibre orientations, laminae thicknesses and
material combinations are used as design variables, and the technique is used to select the best
combination for minimum cost for plates subject to compressive loads. This is a refinement of
the technique detailed in [56]. The second details a similar procedure for minimizing the weight
of sandwich cylindrical shells and particularly tubes. Ref [58] presents a procedure to design
composite structures for a maximum combination of torque and in-plane loads, and is tailored
for tubes, which are used as examples to illustrate the technique. Ref [59] describes a simple-
self design methodology that can be used to minimize the weight of composite structures. The
procedure is based on the finite element method, and suitable elements are removed without
affecting the overall structural integrity. Here, a failure criterion is implemented. Refs [60] and
[61] describe techniques for using genetic algorithms and finite element analysis to optimize the
design of laminated structures. In both cases, the implementation of the GA is unique, and
convergence is rapid. In the first paper, the aim is to minimize the weight, whilst in the second,

a multiobjective approach is used to minimize the weight and deflection.
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Chapter 2

Optimization of laminated
structures with manufacturing
uncertainties accounted for - design

problems and solution procedures

2.1 Introduction

When composite laminates are manufactured, the desired fibre orientation in different plies may
deviate from their intended design values by a few degrees. These deviations are referred to as
manufacturing uncertainties. For example, assume that the interval 0° < 6 < 90° is divided into
i sub-intervals [0° < 6 < M°];, [M° < 6 < N°y, [N° <0 < O%s... [Y° <0 < Z°);, and that
for each, a manufacturing uncertainty in the lay-up angle 6 is incurred, and must be accounted
for during the design stage, if optimal performance is required. Furthermore, assume that the
probability of any tolerance value occurring within the tolerance band, compared with any
other, is equal. Extensive research has been performed in the field of manufacturing tolerances
but not incorporating it as part of the design optimization process. For example, for the interval
[0° < 0 < M°]; there may be a maximum variation band of +g or —h, with 0° < g,h < 90°. In

addition, when accounted for, it is assumed that 0 + g < 90° and 0° < 0 + h.
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2.2 Problem 1: A technique for optimally designing fibre-reinforced
laminated plates with manufacturing uncertainties for max-

imum buckling strength

Here, a procedure to design simply supported symmetrically laminated plates for maximum
buckling load with manufacturing uncertainty in the ply angle, which is the design variable
[62], is described. This procedure is implemented neglecting the effects of bending-twisting and
the Golden Section method is used as the search technique, but the methodology is flexible
enough to allow any appropriate problem formulation and search algorithm to be substituted.
Three different tolerance scenarios are used for the purpose of illustrating the methodology, and

plates with varying aspect ratios and loading ratios are optimally designed.

2.2.1 Optimal design problem formulation

The objective of the design problem is to maximize the buckling loads IV, and NNV,, shown in
Figure 1-17, for a given plate thickness H by optimally determining the fibre orientations given
by 6, = (—1)*10 for k < K/2 and 6, = (-1)*6 for k > K/2 + 1 (where k is the layer - or ply -
number), with the manufacturing tolerances accounted for. The nominal buckling load is given
by Equation 1.55.

If there were no manufacturing tolerances to consider, the design objective would be to

maximize N (6) with respect to 0,viz.

Nmax 2 max[N(0)], 0° < 6 < 90° (2.1)

where N () is determined using Equation 1.55.

2.2.2 Solution procedure

In order to illustrate the problem, consider the following scenario. Assume that on the interval
[0° < 0 < 22°]; a manufacturer incurs the following maximum tolerances: §+13° and 6 —7°; viz.
when trying to achieve the value 0, the actual value that results is 0 —7° < 0 < 04 13°. On the

interval [22° < 6 < 35°)9, the tolerance is 6 — 12° < 6 < 6 + 6°, on the interval [35° < 6 < 70°]3
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the tolerance is  — 17° < 0 < 0+ 17° and finally, for the interval [70° < 6 < 90°]4, the tolerance
is 0 —15° < 0 < 04 5°. Figure 2-1 shows the effect of the tolerance in each of the four intervals
on the buckling load for a laminated plate with eight symmetrically laminated layers of equal
thickness (¢) and with 1 = —0y = 03 = —04 = —05 = 05 = —07 = 05 = 0. The plate has
dimensions a = 1.5m, b = 1m and the thickness ratio is specified as H/b = 0.01. Also, A = 1.
The material properties are those for a typical T300/5208 graphite/epoxy material as shown
in Table 1.2. There are three trendlines given, and these represent the nominal buckling load
(viz. the value of the buckling load at ), along with the upper and lower bounds (viz. the
buckling load at the values 6 + g and 6 + h). Three discontinuities are easily identified, and
these distinguish the four intervals described above. It is evident that the effect of the upper

and lower tolerances is to shift the nominal trends right and left.
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Figure 2-1: Effect of manufacturing tolerances on the buckling load of a plate with a/b = 1.5
and A =1

The design problem becomes one of determining the value of 6 at which the buckling load
is maximised, with the tolerances accounted for, which effectively becomes one of determining
the value of @ for which the trend described by the lower solid line in Figure 2-2 (which needs
no explanation) is maximum (viz. designing for the worst case scenario). In addition, the

discontinuity points are ignored (for obvious reasons), and in the event that two or more values
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of 0 correspond to equal maximum buckling load values, the one that gives the best value
contained within the upper solid line should logically be selected. In this case, the optimal
value is 71° (at 70° a discontinuity exists and thus the optimal value must be 1° to the right -
here the required accuracy was to within 1°) which corresponds to a buckling load of 104817 N.
The optimal values for the nominal case are 63° and 118847 N. It is apparent from this example
that the values of the actual optimal results are quite different from those of the nominal, and
that if we were to ignore the manufacturing tolerances and choose 63° as the optimal fibre
orientation, the corresponding buckling load could be as low as 93851 N, which is 10.5% less
than the actual. This fact emphasizes the importance of carrying out optimization in design
work with the effects of manufacturing tolerances included. Finally, it should be emphasized

that by designing for the worst case scenario, the resulting outcome could be better.
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Figure 2-2

The optimization procedure thus involves the stages of evaluating the buckling load N(0)
for a given 6 and 6 + g and 8 + h, selecting the lowest of the three values, and improving the
fibre orientation to maximize the least of the three. Thus, the computational solution consists

of successive stages of analysis and optimization until a convergence is obtained and the optimal
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angle 0,y is determined within specified accuracy. In the optimization stage here, the Golden

Section method is employed, and 0, is determined to within 1°.
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2.3 Problem 2: A methodology for the optimally designing
fibre-reinforced laminated structures with design variable

tolerances for maximum buckling strength.

Here, a procedure to design symmetrically laminated structures for maximum buckling load
with manufacturing uncertainty in the ply angle - which is the design variable [63], is described.
The finite element method, based on Mindlin plate and shell theory, is implemented and used
to determine the fitness of each candidate, and so the effects of bending-twisting coupling are
accounted for. The methodology is flexible enough to allow any appropriate finite element
formulation and search algorithm to be substituted. Three different tolerance scenarios are
used for the purpose of illustrating the methodology, and plates with varying aspect and loading
ratios, as well as different boundary conditions, are chosen to demonstrate the technique, and

optimally designed and compared.

2.3.1 Optimal design problem formulation

The objective of the design problem is the same as described in Section 2.1.1 which is to
maximize N (0) with respect to 6, using Equation 2.1, where N(0) is determined from the finite

element solution of the eigenvalue problem given by Equation 1.71.

2.3.2 Solution procedure

In order to illustrate the problem, consider the following scenario. Assume that on the interval
[0° < 0 < 22°]; a manufacturer incurs the following maximum tolerances: §+13° and 6 —7°; viz.
when trying to achieve the value 0, the actual value that results is 0 —7° < 0 < 04 13°. On the
interval [22° < 6 < 35°)9, the tolerance is 6 — 12° < 6 < 6 + 6°, on the interval [35° < 6 < 70°]3
the tolerance is § — 17° < 6 < §+417° and finally, for the interval [70° < 6 < 90°]4, the tolerance
is @ —15° < 6 < @+ 5°. Figure 2-3 shows the effect of the tolerance in each of the four intervals
on the buckling load for a laminated CCCC (viz. clamped along each edge) plate with eight
symmetrically laminated layers of equal thickness and with 61 = —0y = 03 = —04 = —05 =

0 = —07 = —0g = 0. The plate is square and the thickness ratio is specified as H/b = 0.01.
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Also, A =1, and the buckling loads have all been non-dimensionalized by using the following:

N()b? (2.2)

Ny = )7
T m3E,

where NV is the critical buckling load and FE, is a reference value having the dimension of Young’s
modulus and is taken as E, = 1GPa.

There are three trendlines given, and these represent the nominal buckling load (viz. the
value of the buckling load at ), along with the upper and lower bounds (viz. the buckling load
at the values 6§ + g and 6 + h). Three discontinuities are easily identified, and these distinguish

the four intervals described above. It is evident that the effect of the upper and lower tolerances

is to shift the nominal trends right and left.
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Figure 2-3: Effect of manufacturing tolerances on the buckling load of a plate with a/b = 1

and A =1

The design problem becomes one of determining the value of 6 at which the buckling load
is maximised, with the tolerances accounted for, which effectively becomes one of determining

the value of @ for which the trend described by the lower solid line in Figure 2-4 (which needs
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no explanation) is maximum (viz. designing for the worst case scenario). In addition, the
discontinuity points are ignored (for obvious reasons), and in the event that two or more values
of 6 correspond to equal maximum buckling load values, the one that gives the best value

contained within the upper solid line should logically be selected.
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In this case, the optimal value is 42° (or 48°) - here the accuracy was to within 1°- which
corresponds to a buckling load of 255.2. The optimal values for the nominal case are 27° or
63° and 265.2. It is apparent from this example that the values of the actual optimal results
are quite different from those of the nominal, and that if we were to ignore the manufacturing
tolerances and choose 27°r 63° as the optimal fibre orientation, the corresponding buckling
load could be as low as 211.1 (at 63°) or 220.8 (at 27°), which is 17.3% (or 13.5%) less than
the actual. This fact emphasizes the importance of carrying out optimization in design work
with the effects of manufacturing tolerances included. Finally, it should be emphasized that by
designing for the worst case scenario, the resulting outcome could be better.

The optimization procedure thus involves the stages of evaluating the buckling load N (0)

for a given 6 and 6 + g and 8 + h, selecting the lowest of the three values, and improving the
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fibre orientation to maximize the least of the three. Thus, the computational solution consists
of successive stages of analysis and optimization until a convergence is obtained and the optimal
angle 0,y is determined within specified accuracy. In the optimization stage here, the Golden

Section method is employed, and 0, is determined to within 1°.
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2.4 Problem 3: A technique for optimally designing fibre-reinforced
laminated plates under in-plane loads for minimum weight

with manufacturing uncertainties accounted for

Here, a procedure to design simply supported symmetrically laminated plates subject to a min-
imum buckling load capacity requirement for minimum weight with manufacturing uncertainty
in the ply angle, which is the design variable [64], is described. The effects of bending-twisting
coupling are neglected and the Golden Section method is used as the search technique, but the
methodology is flexible enough to allow any appropriate problem formulation and search algo-
rithm to be substituted. Three different tolerance scenarios are used to illustrate the method-

ology, and plates with varying aspect ratios and loading ratios are optimally designed.

2.4.1 Optimal design problem formulation

The objective of the design problem is to minimize the weight of the plate, subject to a minimum
buckling load capacity constraint, shown in Figure 1-18, with manufacturing uncertainty in the

layup angle and thickness accounted for. The problem can thus be stated as

Winin 2 min[W(0,H)],  0°<0<90° (2.3)

)

where the weight of a plate is given by
W = Habp (2.4)

and where H is the total thickness of the plate and p the density,
subject to

N > Nyin (2.5)

where N is given by Equation 1.55.

62



2.4.2 Solution procedure

In order to illustrate the problem, consider the following scenario. Assume that on the interval
[0° < 6 < 22°]; a manufacturer incurs the following maximum tolerances: 6+13° and 6 —7°; viz.
when trying to achieve the value 6, the actual value that results is 0 —7° < 0 < #+13°. On the
interval [22° < 6 < 35°)9, the tolerance is 6 — 12° < 6 < 6 + 6°, on the interval [35° < 6 < 70°]3
the tolerance is 0 — 17° < 0 < 6 4 17° and finally, for the interval [70° < 6 < 90°]4, the
tolerance is § — 15° < § < 0+ 5°. Figure 2-5 shows the effect of the tolerance in each of the four
intervals on the minimum required layer thicknesses for a laminated plate with eight symmetric
layers of equal thickness and with 61 = —0y = —03 = 04 = 0, The plate has dimensions a =
1.5m, b = 1Im, with A = 1 and the buckling load requirement here is 90 000N. There are three
trendlines given, and these represent the nominal layer thickness (viz. the value at ), along
with the upper and lower bounds (viz. the values at 6 + g and 6 + h). Three discontinuities are
easily identified, and these distinguish the four intervals described above. It is evident that the

effect of the upper and lower tolerances is to shift the nominal trends right and left.
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Figure 2-5: Effect of manufacturing tolerances on the layer thickness with a/b = 1.5 and A\ =1

The design problem becomes one of determining the value of 6 at which the layer thickness

is minimized thus reducing the weight of the laminate, with the tolerances accounted for, which
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effectively becomes one of determining the value of 6 for which the trend described by the upper
solid line in Figure 2-6 (which needs no explanation) is maximum (viz. designing for the worst
case scenario). In addition, the discontinuity points are ignored (for obvious reasons), and in
the event that two or more values of 6 correspond to equal minimum thickness values, the one
that gives the best value contained within the lower solid line should logically be selected. In
this case, the optimal value is 71° (at 70° a discontinuity exists and thus the optimal value must
be 1° to the right - here the required accuracy was to within 1°) which corresponds to a layer
thickness of 0.00119m. The optimal values for the nominal case are 63° and 0.00114m. It is
apparent from this example that the values of the actual optimal results are quite different from
those of the nominal, and that if we were to ignore the manufacturing tolerances and choose
63° as the optimal fibre orientation, the corresponding buckling load could be as low as 7T1191N
(at 63° + 17°), which is 21% less than that required. This fact emphasizes the importance of
carrying out optimization in design work with the effects of manufacturing tolerances included.
Finally, it should be emphasized that by designing for the worst case scenario, the resulting

buckling load will always be at least equal to that required.
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The optimization procedure thus involves the stages of determining the layer thickness
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required for a given 6 and 6+g and 6+ h, selecting the greatest of the three values, and improving
the fibre orientation to minimize the greatest value. Thus, the computational solution consists
of successive stages of analysis and optimization until convergence is obtained and the optimal
angle 0,y is determined within specified accuracy. In the optimization stage here, the Golden

Section method is employed, and 0, is determined to within 1°.
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2.5 Problem 4: A methodology for optimally designing fibre-
reinforced laminated plates under in-plane loads for mini-

mum weight with manufacturing uncertainty accounted for

Here, a procedure to design simply supported symmetrically laminated plates subject to a min-
imum buckling load capacity requirement for minimum weight with manufacturing uncertainty
in the ply angle and the laminate thickness, which are the design variables [65], is described.
Like the previous problem, the effects of bending-twisting coupling are neglected. The Downhill
Simplex method is used as the search technique, but the methodology is flexible enough to allow
any appropriate problem formulation and search algorithm to be substituted. Three different
tolerance scenarios are used to illustrate the methodology, and plates with varying aspect ratios

and loading ratios are optimally designed.

2.5.1 Optimal design problem formulation

The objective of the design problem is to minimize the weight of the symmetrically laminated
plate, subject to a minimum buckling load capacity constraint, shown in Figure 1-18, with
manufacturing uncertainty in the lay-up angle and thickness accounted for. The problem can

thus be stated as

>

Wmin I;lgl [W(H, H)] ’ 0° < 0 < 900, Hmin < H < Hmax (26)
where the weight of a plate is given by

W = Habp (2.7)

where H is the total thickness of the plate and p the density.
The constraint may be stated as

N > Nmin (28)

where N is given by Equation 1.55.
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2.5.2 Solution procedure

Assume that for the interval 0° < 6 < 90° a manufacturing tolerance in the lay-up angle 0
and thickness t is incurred, and must be accounted for during the design stage, if optimal
performance is required. Furthermore, assume that the probability of any tolerance value
occurring within the tolerance band, compared with any other, is equal. Extensive research has
been performed in the field of manufacturing tolerances but not incorporating it as part of the
design optimization process. For example, for § there may be a maximum variation band of + f
or —g, with 0° < f,g < 90°. In addition, when accounted for, it is assumed that 6 + f < 90°
and 0° < 0 + ¢g. Similarly, for ¢, there may be a maximum variation band of +p or —¢, with
p, ¢ > 0, and t + g > 0. The optimization procedure involves the stages of determining the
buckling load at (0,t), and at the eight other points which occur when the tolerances of the
fibre orientation and thickness are accounted for, viz. (0 + f,t+p), (0 + f,t+q), (0 + f,t), (0 +
g, t+p),(0+g,t+q),(0+g,t),(0,t+p) and (0,t+ q). The highest of these is then selected, and
the orientation and thickness values improved to minimize the weight, whilst ensuring that the
minimum buckling load constraint is complied with. So, the computational solution consists
of successive stages of analysis and optimization until convergence is obtained and the optimal
angle 0,,; and thickness Hp;y is determined within specified accuracy. Thus, the design problem
may be stated as: determine the solution to min | Nepit — Npin | which leads to a minimum
weight, with the manufacturing tolerances accounted for.

In order to illustrate the problem, consider the following scenario. For a eight layer symmet-
ric plate with 8; = —05 = 03 = —04 = —05 = 0 = —07 = 03 = 0, and layers of equal thickness
t, assume that on the intervals [0° < 6 < 90°] and [5mm < H < 50mm] a manufacturer incurs
the following tolerances in the lay-up angle: 6 + 13° and § — 7°, and for the layer thickness:
t+0.375mm and ¢t — 0.625mm. Thus, when trying to achieve the value 6, the actual value that
results is § — 7° < 0 < 0 + 13°, and when trying to achieve the value ¢, the actual value that
results is ¢t — 0.625mm <t <t + 0.375mm.

Figure 2-7 shows the effect of the tolerance in 6 on the objective (viz. | Nepit — Npin |) for
such a plate with dimensions a = 0.75m, b = 1m, A = 1 and H = 4.4mm. The buckling load
requirement here is 107N (viz. Npin = 107), and the tolerance in ¢ has been neglected (for the

sake of clarity here). The material properties are those for a typical T300/5208 graphite/epoxy
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material. Table 1.2. There are three trendlines given, and these represent the nominal objective
(viz. the value at 0), along with the upper and lower bounds (viz. the values at 6 + f and
0 + g). It is evident that the effect of the upper and lower tolerances is to shift the nominal

trend right and left.
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Figure 2-7: Effect of manufacturing tolerances in 6 on the Objective with a/b = 0.75, A = 1
and H = 4.4mm

The design problem (at this stage with the tolerance in the layer thickness neglected) be-
comes one of determining the value of 6 at which the objective is minimized, with the tolerances
in @ accounted for, which effectively becomes one of determining the value of € for which the
trend described by the upper solid line in Figure 2-8 is minimized (viz. designing for the worst
case scenario). This occurs at 30.70°, but for this value of H, the objective has not been mini-
mized sufficiently. The solution would be to determine 6 and t so that the value at which the
upper solid line is minimal and the objective is effectively zero. When the tolerance in t is
also included (and dealt with in the same manner), the design solution is 6, = 30.70° and
Hpin = 40.98mm. These values give a (nominal) buckling load of 1.52245 x 10°'N , which is
approximately 34% higher than that required. When the tolerances in the fibre angle and plate
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thickness are ignored, the design solution is O,y = 34.00° and Hpin = 34.56mm (which give a

buckling load of 107 N).

Objective (x 108)

Figure 2-8

It is apparent from this example that the values of the actual optimal results are quite
different from those of the nominal, and that if we were to ignore the manufacturing tolerances
and choose 34° as the optimal fibre orientation and 34.56mm as the plate thickness, the corre-
sponding buckling load could be as low as 5.37891 x 105N (at 34° + 13° and 34.56mm — 5mm),
which is 46% less than that required. This fact emphasizes the importance of carrying out
optimization in design work with the effects of manufacturing tolerances included. Finally, it
should be emphasized that by designing for the worst case scenario, the resulting buckling load
will always be at least equal to that required.

The optimization procedure thus involves the stages of determining the objective for a given
0,t), and (0+ f,t+p),( @+ f,t+q), 0+ f,t),0+g,t+p),(0+9g,t+q),(0+g,t),(0,t+p) and
(0,t+ q), selecting the highest of these and improving the fibre orientation and layer thickness
to minimize the objective and weight. Thus, the computational solution consists of successive

stages of analysis and optimization until convergence is obtained and the optimal angle 0,
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and layer thickness ¢, is determined within specified accuracy. In the optimization stage 0,y

is determined to within 0.01° and ¢y, to within 0.01mm.
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2.6 Problem 5: A technique for optimally designing fibre-reinforced
laminated structures for minimum weight with manufactur-

ing uncertainties accounted for

Here a methodology to design symmetrically laminated structures under transverse loads for
minimum weight with manufacturing uncertainty in the ply angle, is described. The ply angle
and the ply thickness are the design variables, and the Tsai-Wu failure criteria is the design
constraint implemented. The finite element method, based on Mindlin plate and shell theory, is
implemented, and thus, unlike the previous problems, the effects of bending-twisting coupling
are accounted for. The Golden Section method is used as the search algorithm, but the method-
ology is flexible enough to allow any appropriate finite element formulation, search algorithm
and failure criterion to be substituted. In order to demonstrate the procedure, laminated plates

with varying aspect ratio and boundary conditions are optimally designed and compared.

2.6.1 Optimal design problem formulation

The objective of the design problem is to minimize the weight of the plate, with manufacturing

uncertainty in the lay-up angle 6 accounted for. The problem can thus be stated as

Wmin é Iglgl [W(Oa H)] ) 0° < 0 < 9007 Hmin < H < Hmax (29)
where the weight of a plate is given by

W = Habp (2.10)

where H is the total thickness of the plate and p the density.

In this case the minimum weight can be found by determining

min |F (6) — 1] (2.11)

at each value of 6 until Hyin (and thus 6,p) is obtained.
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2.6.2 Solution procedure

Assume that for the interval 0° < 8 < 90°, a manufacturing tolerance in the lay-up angle 0 is
incurred, and must be accounted for during the design stage, if optimal performance is required.
Furthermore, assume that the probability of any tolerance value occurring within the tolerance
band, compared with any other, is equal. For example, there may be a maximum variation
band of +g or —h, with 0° < g, h < 90°. In addition, when accounted for, it is assumed that
0+ g <90°and 0° < @+ h. In order to illustrate the problem, consider the following scenario:
assume a manufacturer incurs the following maximum tolerances, # 4+ 13° and 6 — 7°; viz. when
trying to achieve the value 0, the actual value that results is 0 — 7° < 0 < 0 + 13°. Figure 2-9
shows the effect of the tolerance on the minimum required plate thicknesses for a laminated
CCCC (viz. clamped along each edge) plate with four symmetric layers of equal thickness and
with 61 = —0y = —03 =04 = 0.
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Figure 2-9: Effect of manufacturing tolerance in # on the minimum plate thickness with

a/b=1.25 and (CCCC) boundary condition
The plate has dimensions a = 1.25m, b = 1m and is subjected to a uniform transverse
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bending pressure of 100000Pa. The material properties are those for a typical T300/5208
graphite/epoxy material, Table 1.2. There are three trendlines given, and these represent the
nominal layer thickness (viz. the value at 0), along with the upper and lower bounds (viz.
the values at 0 + g and ¢ + h; thus the plate thickness required is Hipyper < H < Hypper due
to the presence of tolerance in the lay-up angle). Note that each value in the trendlines has
been determined by using Equation 2.11. It is evident that the effect of the upper and lower
tolerances is to shift the nominal trends right and left. The design problem becomes one of
determining the value of 0 at which the layer thickness is minimized thus reducing the weight of
the laminate, with the tolerances accounted for, which effectively becomes one of determining
the value of 0 for which the trend described by the upper solid line in Figure 2-10 (which needs

no explanation) is minimized (viz. designing for the worst case scenario).

Figure 2-10

In addition, in the event that two or more values of 6 correspond to equal minimum thickness
values, the one that gives the best value contained within the lower solid line should logically
be selected. In this case, the optimal value is 51.43° which corresponds to a plate thickness of

10.89mm. The optimal values for the nominal case are 48.84° and 10.10mm. It is apparent from
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this example that the values of the actual optimal results are different from those of the nominal,
and that if we were to ignore the manufacturing tolerances and choose 48.84° as the optimal
fibre orientation, the corresponding minimum thickness required could be as high as 11.32mm
(viz. the value at 48.84° - 7°), which is 12% more than the optimal value. Alternatively, if
the nominal design values are selected, the plate would fail in practice. This fact emphasizes
the importance of carrying out optimization in design work with the effects of manufacturing
tolerances included.

The optimization procedure thus involves the stages of determining the minimum layer
thickness required for a given 0, 0 4+ g and 6 4 h to satisfy Equation 2.11, selecting the greatest
of the three values, and improving the fibre orientation to minimize the greatest value. Thus,
the computational solution consists of successive stages of analysis and optimization until con-
vergence is obtained and the optimal angle 6,, and layer thickness ¢y, is determined within
specified accuracy. In the optimization stage here, the Golden Section method is employed to
determine both 0, and tmin, and 8,y is determined to within 0.01°, whilst ¢, is determined

to within 0.01mm.
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Chapter 3

Results and discussion

3.1 Problem 1: A technique for optimally designing fibre-reinforced
plates with manufacturing uncertainties for maximum buck-

ling strength

In order to further illustrate the methodology described above, three different manufacturing
tolerance scenarios are used. The first has been described previously, whilst the second may
be described as follows. On the interval [0° < § < 40°]; a manufacturer incurs the following
maximum tolerances: € + 13° and 6 — 7°. On the interval [40° < 6 < 90°]3, the tolerance
is 8 + 16° and 6 — 8°. The third scenario has tolerances 6§ + 17° and 6§ — 3° on the interval
[0° < 0 < 40°]; and €+ 5 and € — 10° on [40° < 6 < 90°],. Plates with eight symmetric layers
with aspect ratios ranging from a/b = 0.5 to 2 are studied.

Figure 3-1 shows the effect on the results when the aspect ratio is changed to a/b = 1, for
the same scenario studied in Figure 2-1 (viz. scenario 1). Here, it is apparent that the actual
optimal value of the fibre orientation and that of the nominal case are the same. In addition,
the actual optimal value occurs at the intersection of upper and lower tolerance trendlines, and
not near the discontinuity. The value is 45°, which corresponds to a buckling load of 137766V,
whilst the nominal maximum is 158043N (and thus it should again be highlighted that the

outcome after manufacture could vary between these two values).
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Figure 3-1: Effect of manufacturing tolerances on the buckling load for scenario 1 with a/b =

land A =1

When the aspect ratio is increased to 2 as shown in Figure 3-2, the optimal fibre angle
occurs at the third intersection of the upper and lower trendlines (the second intersection is
at the third discontinuity), viz. at 71°, whilst the nominal optimal is at 70°. Finally, Figure
3-3 demonstrates the difference that subjecting the same plate used in the first example (viz.
with a/b = 1.5) to scenario 2 makes. Once again, the actual optimal value of § occurs at the
intersection of the upper and lower trendlines (viz. at 57°), whilst the value of the nominal

optimal is 63°. Finally, the discontinuity is barely visible at 40°
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The values of the actual optimal fibre orientations and the corresponding buckling loads for

various plate aspect ratios subjected to scenario 1 and A = 1 are given in Table 3.1.

a/b | Oopt | Nmax | Optimal fibre angle (nominal) | Maximum buckling load (nominal)
0.5 | 26° | 420756 20° 472157
0.75 | 34° | 212599 34° 222331
1 45° | 137766 45° 158043
1.5 | 71° | 104817 63° 118847
2 71° | 102405 70° 118039

Table 3.1: Effect of varying the plate aspect ratio with scenario 1 and A =1

As expected, as the aspect ratio increases, so the value of 6,,; increases and the correspond-
ing buckling load reduces. This is also true for the nominal values. Interestingly, only two
plates (a/b = 0.5 and a/b = 1.5) have actual optimal fibre orientations that are significantly
different from the nominal values, but the values of the corresponding buckling loads differ by

between about 4.5% (at a/b = 0.75) and 13% (at a/b = 2).

a/b | Oopt | Nmax | Optimal fibre angle (nominal) | Maximum buckling load (nominal)
0.5 | 0° | 612758 0° 628616
0.75 | 34° | 332185 34° 347392
1 43° | 266929 45° 316086
1.5 | 45° | 243741 43° 337343
2 44° | 245909 45° 316086

Table 3.2: Effect of varying the plate aspect ratio with scenario 1 and A =0

The effect of decreasing the loading ratio to A = 0 for the same plates is demonstrated in
Table 3-2. Here, for 0.5 < a/b < 1, the values of 0, increase, and thereafter, remain close to
45°. Also, there is little difference between the 6,,; and the nominal values, while the difference

between Npax and the nominal ranges from about 2.5% to 28%. By comparing Table 3.1 and
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3.2, it is apparent that (as expected) the resulting buckling loads increase when the applied

loads are decreased from A =1 to A = 0.

a/b | Oopt | Nmax | Optimal fibre angle (nominal) | Maximum buckling load (nominal)
0.5 | 21° | 409621 20° 472157
0.75 | 31° | 214265 34° 222331
1 41° | 147315 45° 158043
1.5 | 579 | 112027 63° 118847
2 62° | 98789 70° 118039

Table 3.3: Effect of varying the plate aspect ratio with scenario 2 and A =0

The effect of designing to account for scenario 2 is shown in Table 3.3, for the same plates
and with A = 1. The same trends observed with Table 3.1 are evident here (viz. as the aspect
ratio increases, so 0y increases while the corresponding buckling load decreases). The affect
of changing from scenario 1 to scenario 2 is to reduce the value of O, by as little as about 9%
(for a/b = 0.75) to as much as about 20% (for a/b = 1.5), while the corresponding buckling

loads are decreased slightly in some cases (for a/b = 0.5 and 2) and increased in the others.

a/b | Oopt | Nmax | Optimal fibre angle (nominal) | Maximum buckling load (nominal)
0.5 | 17° | 409621 20° 472157
0.75 | 27° | 214265 34° 222331
1 48° | 153116 45° 158043
1.5 | 67° | 117323 63° 118847
2 70° | 107792 70° 118039

Table 3.4: Effect of varying the plate aspect ratio with scenario 3 and A =1

Designing for scenario 3 (which has the same discontinuity point as that for scenario 2 but
with slight changes in the tolerances - see Table 3.4) has the affect of decreasing the value of 0,
for a/b = 0.5 and 0.75, and increasing it for the rest (when compared to the results for scenario

2). As before, the values of Npax are less than those of the nominal buckling loads even when
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Oopt and the nominal optimal fibre angle are the same (e.g. at 70°), because the technique is
aimed at designing for the worst case which results due to the manufacturing tolerances, even
though the outcome may be considerably better (as the resulting buckling load varies with the

value of § within the tolerance range).
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3.2 Problem 2: A technique for optimally designing fibre-reinforced
symmetrically laminated structures for maximum buckling
strength with manufacturing uncertainties in the fibre lay-

up orientation accounted for

In order to further illustrate the methodology described above, three different manufacturing
tolerance scenarios are used. The first has been described previously, whilst the second may
be described as follows. On the interval [0° < § < 40°]; a manufacturer incurs the following
maximum tolerances: € + 13° and 6 — 7°. On the interval [40° < 6 < 90°]2, the tolerance
is 8 + 16° and 6 — 8°. The third scenario has tolerances # + 17° and 6§ — 3° on the interval
[0° < 6 < 40°]; and € + 5 and € — 10° on [40° < 6 < 90°],. Plates with eight symmetric layers
with aspect ratios ranging from a/b = 0.5 to 2 are studied. In addition, different combinations
of free (F), simply supported (S) and clamped (C) boundary conditions are implemented at
the four edges of the plate, and here, five different combinations are studied, namely (FSFS),
(FSCS), (SSSS), (CSCS) and (CCCC), where the first letter refers to the first plate edge, and
the others follow in an anti-clockwise direction as shown in Figure 1-17.

Figure 3-4 shows the effect on the results when the aspect ratio is changed to a/b = 0.5, for
the same scenario and boundary condition studied in Figure 2-3 (viz. scenario 1 and (CCCC)).
Here, it is apparent that the actual optimal value of the fibre orientation and that of the nominal
case are the same. In addition, the actual optimal value occurs at the intersection of upper
and lower tolerance trendlines. The value is 34°, which corresponds to a buckling load of 876.5,
whilst the nominal maximum is 941.8 (and thus it should again be highlighted that the outcome

after manufacture could vary between these two values).
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Figure 3-4: Effect of manufacturing tolerances on the buckling load of a plate with a/b = 0.5

and A =1

Finally, Figure 3-5 demonstrates the difference that subjecting the square (CCCC) plate of

the first example to scenario 2, makes. Once again, the actual optimal value of 8 occurs at the

intersection of the upper and nominal trendlines (viz. at 39°), whilst the value of the nominal

optimal is 27° or 63°. Finally, the discontinuity is barely visible at 40°.
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Figure 3-5: Effect of manufacturing tolerances on the buckling load of a plate with a/b = 1
and A =1

The effect of changing the scenario on the results for (CCCC) and (SSSS) plates with A =1

is given in Table 3.5.
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a/b Boundary Condition O opt bmax | Bopt (nominal) | Ny (nominal)
scenario 1
0.5 CCCC 34° 876.5 34° 941.8
1.0 CCCC 42° or 48° | 255.2 27° or 63° 265.2
2.0 CCCC 71° 211.2 57° 230.4
0.5 SSSS 26° 357.5 25° 406.0
1.0 SSSS 45° 114.5 45° 126.1
2.0 SSSS 72° 88.2 65° 101.0
scenario 2
0.5 CCCC 28° 866.2 34° 941.8
1.0 CCCC 39° 271.7 27° or 63° 265.2
2.0 CCCC S7° 204.2 57° 230.4
0.5 SSSS 20° 351.3 25° 406.0
1.0 SSSS 41° 119.8 45° 126.1
2.0 SSSS 63° 84.9 65° 101.0
scenario 3
0.5 CCCC 24° 866.2 34° 941.8
1.0 CCCC 48° 270.3 27° or 63° 265.2
2.0 CCCC 62° 218.6 o7° 2304
0.5 SSSS 16° 351.3 25° 406.0
1.0 SSSS 48° 123.2 45° 126.1
2.0 SSSS 70° 91.6 65° 101.0

Table 3.5: Effect of implementing different scenarios for (CCCC) and (SSSS) plates with A =1

It is interesting to note that the value of IV, . remains fairly constant for each particular
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choice of aspect value and boundary condition for each scenario studied, but the value of 8,
does not. For example, with a/b = 0.5 and the (CCCC) boundary condition, N, varies from
876.5 to 866.2 as we swap between scenarios 1, 2 and 3, whilst 0,,; changes from 34° to 28° to
24°, respectively. In addition, the difference between the actual and nominal values is greatest
for scenario 3. Also, as expected, as the aspect ratio increases, so the buckling load decreases
whilst the value of the optimal fibre angle increases.

The effect of varying the plate aspect ratio on the results for (CCCC) and (SSSS) plates

subject to scenario 3 and A = 1 are given in table 3.6.

a/b | Boundary Condition | Oupt | No,, | Oopt (nominal) | Ny (nominal)
0.5 CCCC 24° | 866.2 34° 941.8
0.75 CCCC 23° | 400.3 34° 446.0
1 CCCC 37° | 258.0 27° or 63° 265.2
1.25 CCCC 62° | 233.4 o8¢ 253.1
1.5 CCCC 62° | 226.0 54° 238.8
1.75 CCCC 61° | 222.5 59° 235.1
2 CCCC 62° | 218.6 o7° 230.4
0.5 SSSS 16° | 351.3 25° 406.0
0.75 SSSS 20° | 182.3 19° 190.2
1 SSSS 48° | 123.2 45° 126.1
1.25 SSSS 64° | 105.2 60° 105.7
1.5 SSSS 68° | 98.2 69° 105.6
1.75 SSSS 70° | 96.2 67° 104.4
2 SSSS 70° 1 91.6 65° 101.0

Table 3.6: Effect of varying plate aspect ratio for (CCCC) and (SSSS) plates for scenario 3
and A =1

Scenario 3 was chosen for demonstration purposes here because it had the most effect on

the results and is thus the most interesting (see Table 3.5). This is obvious, as in some cases
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there is up to 40% difference in the values of 0, and 0,y (nominal). As before, as the aspect
ratio increases, so the value of 0,y increases and the corresponding buckling load reduces. In
both boundary condition cases, the values of 6, remain fairly constant at around 20° until
a/b=1. Between a/b = 1.0 and a/b = 1.25 the values of 6, increase substantially to around
60°, whereafter, it again remains fairly constant.

The effect of decreasing the loading ratio for some of the same plates is demonstrated in

Table 3.7.

a/b | Boundary Condition | Oopt | Np,.. | Oopt (nominal) [ Ny . (nominal)
A=1
0.5 CCCC 24° | 866.2 34° 941.8
1.0 CCCC 37° | 258.0 27° or 63° 265.2
2.0 CCCC 62° | 218.6 57° 2304
0.5 SSSS 16° | 351.3 25° 406.0
1.0 SSSS 48° | 123.2 45° 126.1
2.0 SSSS 70° | 91.6 65° 101.0
A=0
0.5 CCCC 0° | 2587.3 0° 2588.6
1.0 CCCC 0° | 5994 0° 671.5
2.0 CCCC 43° | 374.9 41° 392.3
0.5 SSSS 0° | 569.0 0° 635
1.0 SSSS 47° | 237.8 45° 242.7
2.0 SSSS 46° | 224.9 44° 229.5

Table 3.7: Effect of varying loading ratio for (CCCC) and (SSSS) plates subject to scenario 3

By reducing the loading conditions from A = 1 to A = 0,the 0, values decrease in both

boundary condition cases. Similarly the N . values increase. Also, the difference between the
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actual and nominal values of 6,y,; is much less in the case of A = 0.
The effect of different boundary conditions on the results for plates subject to scenario 3

and A = 1 is shown in Table 3.8.

a/b | Boundary Condition | opt | Np,.. | Oopt (nominal) | N . (nominal)
0.5 FSCS 1791 230.9 25° 252.6
1.0 FSCS 179 | 58.9 24° 64.0
2.0 FSCS 75° | 27.3 74° 28.2
0.5 FSFS 179 | 232.2 25° 253.2
1.0 FSFS 192 | 51.7 21° 62.6
2.0 FSFS 179 12.2 29° 15.2
0.5 SSSS 16° | 351.2 25° 406.0
1.0 SSSS 48° | 123.2 45° 126.1
2.0 SSSS 70° | 91.6 65° 101.0
0.5 CSCS 15 | 368.5 23¢ 415.5
1.0 CSCS 46° | 356.4 41° 402.9
2.0 CSCS 62° | 214.3 60° 226.1
0.5 CCCC 24° | 866.2 34° 941.8
1.0 CCCC 37° | 258.0 27° or 63° 265.2
2.0 CCCC 62° | 218.6 57° 230.4

Table 3.8: Effect of different boundary conditions for scenario 3 and A = 1

Once again, as expected, as the number of degrees of freedom is reduced, so the values
of buckling loads are reduced and 0,,; increases. The most difference between the actual and
nominal values is apparent when the boundary condition is specified as (CCCC).

In closure, it is important to note that the various tables demonstrate that there is generally
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a difference between the values of actual and nominal optimal fibre angles, that in some cases,
the difference is large, and is affected by the aspect ratio and loading ratio, boundary condition
and scenario. It is thus important to design with the manufacturing uncertainty in the ply

angle accounted for, so that the effect is minimized, and the best design is determined.
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3.3 Problem 3: A technique for optimally designing fibre-reinforced
laminated plates under in-plane loads for minimum weight

with manufacturing uncertainties accounted for

In order to further illustrate the methodology described above, three different manufacturing
tolerance scenarios are used. The first has been described previously, whilst the second may
be described as follows. On the interval [0° < § < 40°]; a manufacturer incurs the following
maximum tolerances: @ + 13° and 6 — 7°. On the interval [40° < 6 < 90°]2, the tolerance
is 6 + 16° and € — 8°. The third scenario has tolerances 6 + 17° and 6 — 3° on the interval
[0° < 0 < 40°]; and € + 5 and € — 10° on [40° < 6 < 90°],. Plates with eight symmetric layers
with aspect ratios ranging from a/b = 0.5 to 2 are studied.

Figure 3-6 shows the effect on the results when the aspect ratio is changed to a/b = 1, for
the same scenario studied in Figure 2-5 (viz. scenario 1). Here, it is apparent that the actual
optimal value of the fibre orientation and that of the nominal case are the same. In addition, the
actual optimal value occurs at the intersection of upper and lower tolerance trendlines, and not
near a discontinuity. The value is 45°, which corresponds to a layer thickness of 1.09mm, whilst
the nominal minimum is 1.04mm (and thus it should again be highlighted that the outcome

after manufacture could vary between these two values).
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Figure 3-6: Effect of manufacturing tolences on the layer thickness for scenario 1 with a/b =1

and A =1

When the aspect ratio is increased to 2 shown in Figure 3-7, the optimal fibre angle occurs
at the third intersection of the upper and lower trendlines (the second intersection is at the

third discontinuity), viz. at 71°, whilst the nominal optimal is at 70°.
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Finally, Figure 3-8 demonstrates the difference that subjecting the same plate used in the
first example (viz. with a/b = 1.5) to scenario 2 makes. Once again, the actual optimal value

of 6 occurs at the intersection of the upper and lower trendlines (viz. at 57°), whilst the value
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and A =1

of the nominal optimal is 63°. Finally, the discontinuity is barely visible at 40°.
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Figure 3-8: Effect of manufacturing tolerances on the layer thickness for scenario 2 with a/b

=15and A =1

The values of the actual minimized plate thickness values (rounded to the nearest 0.1mm)

and the corresponding optimal fibre orientations for various plate aspect ratios subjected to

scenario 1 and A = 1 are given in Table 3.9, with Ny, = 90000 N. In addition, the value Ny

is the value of the actual buckling load that results from the rounding off the thickness values.

Also, the nominal optimal fibre angle and nominal Hy,;, are reported, for comparison purposes.

a/b | Oopt | Hmin | Nae | Optimal fibre angle (nominal) | Hpin (nominal)
0.5 | 26° | 6.0 97152 20° 5.8
0.75 | 34° | 7.5 93796 34° 7.4
1 45° | 8.7 | 104072 45° 8.3
1.5 | 71° | 9.5 | 100833 63° 9.1
2 71° 1 9.6 | 104202 70° 9.1

Table 3.9: Effect of varying the plate aspect ratio with scenario 1 and A =1

As expected, as the aspect ratio increases, so the value of 6, increases (except once a/b =
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1.5) and the corresponding plate thickness increases. This is also true for the nominal values.
Interestingly, only two plates (a/b = 0.5 and a/b = 1.5) have actual optimal fibre orientations
that are significantly different from the nominal values. Also, due to the rounding, some of the
buckling loads that result in the case of the 'nominal’ values of ¢ are less than the minimum
required. This occurs when a/b = 1.5 and a/b = 2 with the values 89559N and 88951 N

respectively.

a/b | Oopt | Hmin | Nae | Optimal fibre angle (nominal) | Hmin (nominal)
0.5 | 0° 5.3 93586 0° 5.2
0.75 | 34° | 6.5 95403 34° 6.4
1 43° | 7.0 | 108201 45° 6.6
1.5 | 45° | 7.2 | 123897 43° 6.4
2 44° | 7.2 | 117920 45° 6.6

Table 3.10: Effect of varying the plate aspect ratio with scenario 1 and A = 0, for N min = 90
000 N

The effect of decreasing the loading ratio to A = 0 for the same plates is demonstrated in
Table 3.10. Here, for 0.5 < a/b < 1, the values of 0, increase, and thereafter remain close to
45°. Also, there is little difference between the 6,,; and the nominal values, while the difference
between Hp,, and the nominal ranges from about 1.5% to 11%. By comparing Table 3.9 and
Table 3.10, it is apparent that (as expected) the resulting plate thicknesses decrease when the
applied loads are decreased from A =1 to A = 0.

a/b | Oopt | Hmin | Nae | Optimal fibre angle (nominal) | Hpmin (nominal)
0.5 | 21° | 6.0 | 101278 20° 5.8
0.75 | 31°| 7.5 93426 34° 7.4
1 41° | 8.5 96287 45° 8.3
1.5 | 57° | 9.3 94667 63° 9.1
2 62° | 9.7 | 100586 70° 9.1

Table 3.11: Effect of varying the plate aspect ratio with scenario 2 and A =1
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The effect of designing to account for scenario 2 is shown in Table 3.11, for the same plates
and with A = 1. The same trends observed with Table 3.9 are evident here (viz. as the aspect
ratio increases, so 6, increases while the corresponding plate thicknesses decrease). The affect
of changing from scenario 1 to scenario 2 is to reduce the value of Oy, by as little as about 9%

(for a/b = 0.75) to as much as about 20% (for a/b = 1.5).

a/b | Oopt | Hmin | Naet | Optimal fibre angle (nominal) | Hyin (nominal)
0.5 | 17° | 6.0 | 98042 20° 5.8
0.75 | 27° | 7.5 | 92155 34° 7.4
1 48° | 8.4 | 93253 45° 8.3
1.5 | 67° ] 9.2 | 92285 63° 9.1
2 70° | 9.4 | 98041 70° 9.1

Table 3.12: Effect of varying the plate aspect ratio with scenario 3 and A =1

Designing for scenario 3 (which has the same discontinuity point as that for scenario 2 but
with slight changes in the tolerances - see Table 3.12) has the affect of decreasing the value of O
for a/b = 0.5 and 0.75, and increasing it for the rest (when compared to the results for scenario
2). As before, the values of Hy, are greater than those of the nominal plate thickness even
when 6,,; and the nominal optimal fibre angle are the same (e.g.. at 70°), because the technique
is aimed at designing for the worst case which results due to the manufacturing tolerances, even
though the outcome may be considerably better (as the resulting plate thickness varies with

the value of # within the tolerance range).
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3.4 Problem 4: A methodology for optimally designing fibre-
reinforced symmetrically laminated structures for minimum
weight with manufacturing uncertainties in the fibre lay-up

orientation and thickness accounted for

In order to further illustrate the methodology described above, some more example results are
given and compared below. The values of the actual minimized plate thickness values and the
optimal fibre orientations for various plate aspect ratios and A = 1 are listed in Table 3.13, with
Npmin = 107 N. In addition, the value Ny is the value of the actual buckling load that results.
Also, the nominal optimal fibre angle and nominal Hy, are reported, for comparison purposes
(viz. these give Npom = 107). As expected, as the aspect ratio increases, so the value of Oopt
increases and the plate thicknesses increase. This is also true for the nominal values. When
compared to the nominal values, the actual thickness of the a/b = 0.5 plate is 18% greater, and

12% greater for the a/b = 1.5 plate. The average difference is 14%.

a/b Oopt | Hmin | Nact (x107) | Optimal fibre angle (nominal) | Hpi, (nominal)
0.5 | 20.36° | 33.92 1.83887 18.13¢ 27.84
0.75 | 30.70° | 40.98 1.52245 34.00° 35.56
1 42.00° | 45.51 1.48301 45° 39.85
1.5 | 59.83° | 49.25 1.41619 63.15° 43.82
2 | 63.64° | 50.91 1.47895 70.06° 43.91

Table 3.13: Effect of varying the plate aspect ratio with A = 1, for Ny, = 107 N

The effect of decreasing the loading ratio to A = 0 for the same plates is demonstrated in
Table 3.14. Here, for 0.5 < a/b < 1, the values of 0, increase, and thereafter remain close to
45°. Also, there is little difference between the 6,,; and the nominal values, while the difference
between hpin and the nominal ranges from about 15% to 17.5%, with the average being 16%.
By comparing Table 3.13 and Table 3.14, it is apparent that (as expected) the resulting plate

thicknesses decrease when the applied loads are decreased from A =1 to A = 0.

95



a/b Oopt Hpin | Naet (x107) | Optimal fibre angle (nominal) | Hpyy, (nominal)
0.5 0° 30.37 1.76119 0° 25.15
0.75 | 30.70° | 36.00 1.61361 33.83° 30.65
1 42.00° | 37.15 1.61340 45° 31.63
1.5 | 41.70° | 37.53 1.75709 42.87° 30.94
2 41.10° | 37.25 1.62104 45° 31.63

Table 3.14: Effect of varying the plate aspect ratio with A = 0, for Ny, = 107 N.

In order to demonstrate the effect a different tolerance scenario makes to the results, the

thickness tolerance to -3mm and +3mm, whilst the orientation tolerance was reduced to -7¢
and +7°. The results for plates with A\ = 1 (viz. similar to those of Table 3.13) are given in
Table 3.15. It can be seen that narrowing down the tolerance band has pushed the value of
Oopt and Hpyin closer to that of the nominal values. Similar trends observed in Table 3.13 are

evident here, and once again, the difference between Hy,j, and the nominal ranges from about

6.5% to 11.5%, with the average being 8.5%.

a/b Oopt | Hmin | Nact (x107) | Optimal fibre angle (nominal) | Hpi, (nominal)
0.5 | 21.95° | 31.41 1.44220 18.13¢ 27.84
0.75 | 34.08° | 38.77 1.29554 34.00° 35.56
1 45° 43.17 1.27172 45° 39.85
1.5 | 63.87° | 46.97 1.23137 63.15° 43.82
2 | 68.05° | 48.09 1.29455 70.06° 43.91

Table 3.15: Effect of different tolerance scenario of the results for plates with A = 1, for

Npyin = 107 N
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3.5 Problem 5: A technique for optimally designing fibre-reinforced
laminated structures for minimum weight with manufactur-

ing uncertainties accounted for

In order to further illustrate the methodology described above, plates with four equal thickness
symmetric layers and with aspect ratios ranging from a/b = 0.5 to 2 are studied. In addition,
the effect of the boundary condition is also considered. The plates have the same material
properties and loading as that of Figure 2.9. Also, different combinations of free (F), simply
supported (S) and clamped (C) boundary conditions are implemented at the four edges of
the plate, and here, five different combinations are studied, namely (FSFS), (FSCS), (SSSS),
(CSCS) and (CCCC), where the first letter refers to the first plate edge, and the others follow
in an anti-clockwise direction as shown in Figure 1-17.

The effect of the aspect ratio is illustrated in Tables 3.16 and 3.17, for (CCCC) and (SSSS)
plates (respectively). Also, the nominal optimal fibre angle and corresponding Hyi, are re-

ported, for comparison purposes.

a/b | Oopt | Hmin | Optimal fibre angle (nominal) | Hpin (nominal)
0.5 | 7.59° | 4.46 35.46° 4.37
0.75 | 29.54° | 7.65 39.64° 7.26
1 41.97° | 10.20 45° 9.30
1.25 | 51.43° | 10.89 48.84° 10.10
2 56.71° | 11.09 52.15° 10.36

Table 3.16: Effect of varying the plate aspect ratio for (CCCC) plates

For Table 3.16, the trend in both the nominal thickness and actual thickness values is
generally as expected, viz. as the plate gets longer, so the thickness increases. In addition,
the actual values are greater than the nominal values (as expected), with the difference for
the square plate being the largest (9.7%). The optimal fibre orientation values show the same
(increasing) trend although the actual values are less than the nominal values for 0.5 < a/b <

1. When a/b =1, the values are greater. The greatest difference occurs for the plate with
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a/b=0.5.

a/b | Oopt | Hmin | Optimal fibre angle (nominal) | Hpin (nominal)
0.5 | 0° | 6.06 0° 5.73
0.75 1 0° | 9.79 0° 8.69
1 90° | 12.50 0 or 90° 11.78
1.25 | 90° | 12.46 90° 11.57
2 90° | 12.43 86.81° 11.62

Table 3.17: Effect of varying the plate aspect ratio for (SSSS) plates

For Table 3.17, the trend in the thickness values is the same as that observed in Table
3.16, except when a/b > 1, at which point the values start reducing. Nonetheless, the actual
values are always greater than the nominal values due to the uncertainty in 6,and the greatest
difference is 12.7% (in the case of the plate with a/b = 0.75). The values of the optimal fibre
orientations are not particularly interesting, except in the case of the longest plate, which has

a nominal 0, which is neither 0° or 90° (although close to 90°).

Boundary condition | gyt Hpin | Optimal fibre angle (nominal) | Hyi, (nominal)
(SSSS) 90° | 12.46 90° 11.57
(CSES) 38.73° | 21.23 39.98° 19.84
(CSCS) 84.14° | 7.88 79.69° 7.82
(CCCC) 51.43° | 10.89 48.84° 10.10

Table 3.18: Effect of boundary conditions for plates with a/b = 1.25

The effect of the boundary condition on the results for plates with a/b = 1.25 is illustrated
in Table 3.18. There are no apparent trends in either the thickness or fibre orientation values
(although, as usual, the actual thickness values are greater than the nominal values). The
greatest difference in the thickness values is 7.6% in the case of the (SSSS) plate. Interestingly,
the plate with the free edge, viz. the (FSCS) plate, is almost double the thickness of the thinnest

(in both actual and nominal values).
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Chapter 4

Conclusions

The work presented in this thesis employed various different search routines and optimiza-
tion strategies and combined them with analysis methods, like the FEM, to develop four new
methodologies to minimize the weight, or maximize the load bearing capacity of laminated
structures. Each problem that was investigated is summarised below:

Problem 1: A technique for optimally designing fibre-reinforced symmetrically laminated
structures for maximum buckling strength with manufacturing uncertainties in the fibre lay-
up orientation accounted for. Here, a procedure to design symmetrically laminated plates for
maximum buckling load with manufacturing uncertainty in the ply angle, which is the design
variable, is described. In order to illustrate the technique, the designs of simply supported
symmetrically laminated plates are optimized. The plates are subjected to three manufacturing
tolerance scenarios, and the effect of these, as well as that of changing the aspect ratio and
loading ratio is studied. In addition, the value of 6,y is determined to within 1°, and the
optimized designs are compared to those for plates not subjected to manufacturing variations.
The results demonstrate that if the manufacturing tolerances are neglected in the optimal
design stage, the resulting in-plane load carrying capacity of the plate can be significantly lower
than expected. Finally, it should be noted that different problem formulations and methods of
solution can also be substituted into the technique when more appropriate.

Problem 2: A technique for optimally designing fibre-reinforced symmetrically laminated
structures for maximum buckling strength with manufacturing uncertainties in the fibre lay-

up orientation accounted for. In this problem, which is similar to the first, the finite element
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method is implemented and used to determine the fitness of each design candidate, and so the
effects of bending-twisting coupling are accounted for. In order to illustrate the technique, the
designs of symmetrically laminated plates are optimized. Different combinations of free, simply
supported and clamped boundary conditions are implemented at the four edges of the plates,
which are subjected to three manufacturing tolerance scenarios, and the effect of these, as well
as that of changing the aspect ratio and loading ratio is studied. In addition, the value of
Oopt is determined to within 1°, and the optimized designs are compared to those for plates
not subjected to manufacturing variations. The results demonstrate that if the manufacturing
tolerances are neglected in the optimal design stage, the resulting in-plane load carrying capacity
of the plate can be significantly lower than expected. Finally, it should be noted that different
finite element formulations can also be substituted into the technique when more appropriate.

Problem 3: A technique for optimally designing fibre-reinforced laminated plates under
in-plane loads for minimum weight with manufacturing uncertainties accounted for. Here, a
procedure to design symmetrically laminated plates under buckling loads for minimum weight
with manufacturing uncertainty in the ply angle, which is the design variable, is described.
The constraint implemented is a minimum buckling load carrying capacity constraint, and the
objective is to determine the value of the fibre orientation that corresponds to a minimum
plate thickness, with the uncertainty included. In order to illustrate the technique, the design
optimization of rectangular plates with eight layers is undertaken. The plates are subjected to
three manufacturing tolerance scenarios, and the effect of these, as well as that of changing the
aspect ratio and loading ratio is studied. In addition, the value of 8,y is determined to within
1°, and the optimized designs are compared to those for plates not subjected to manufacturing
variations. The results demonstrate that if the manufacturing tolerances are neglected in the
optimal design stage, the resulting plate may not be capable of carrying the required buckling
load. Finally, it should be noted that different problem formulations and methods of solution
can also be substituted into the technique when more appropriate.

Problem 4: A methodology for optimally designing fibre-reinforced symmetrically laminated
structures for minimum weight with manufacturing uncertainties in the fibre lay-up orientation
and thickness accounted for. Here, a procedure to design symmetrically laminated plates under

buckling loads for minimum weight with manufacturing uncertainty in the ply angle and plate
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thickness, which are the design variables, is described. The search routine implemented is the
Downhill Simplex method, but the methodology is independent of the routine, and any suitable
substitute could be used. Similarly, the technique is also independent of the solution for the
buckling load that is implemented, and a more accurate one than that used here can easily be
utilized. In order to illustrate the technique, the designs of simply supported symmetrically
laminated plates are optimized, and the effect of increasing aspect ratio and loading on the
weight and optimal fibre orientations are studied. The optimized designs are compared to
those for plates not subjected to manufacturing variations. The results demonstrate that if the
manufacturing tolerances are neglected in the optimal design stage, the resulting weight of the
plates can be significantly higher than expected.

Problem 5: A technique for optimally designing fibre-reinforced laminated structures for
minimum weight with manufacturing uncertainties accounted for. Here, a methodology to
design symmetrically laminated structures under transverse loads for minimum weight with
manufacturing uncertainty in the ply angle, is described. The ply angle and the ply thickness
are the design variables, and the Tsai-Wu failure criteria is the design constraint used. The
finite element method is used, and thus effects like bending-twisting coupling are accounted
for. In order to illustrate the technique, the designs of symmetrically laminated plates are
optimized.. The plates are subjected to similar UDLs, and the effect of changing the aspect
ratio and boundary condition is studied. In addition, the value of 6, is determined to within
0.01° whilst H is determined to within 0.01mm, and the optimized designs are compared to
those for plates not subjected to manufacturing variations. The results demonstrate that if
the manufacturing tolerances are neglected in the optimal design stage, the plate can be as
much as 12% heavier if it were to carry the load without failure, or would be too thin, and fail
in practice. Finally, it should be noted that different finite element formulations can also be

substituted into the technique when more appropriate.
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