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Sound propagation in cigar-shaped Bose liquids in the Thomas-Fermi approximation:
A comparative study between Gross-Pitaevskii and logarithmic models
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Abstract: A comparative study is done of the propagation of sound pulses in elongated Bose
liquids and Bose-Einstein condensates in Gross-Pitaevskii and logarithmic models, by means of
the Thomas-Fermi approximation. It is shown that in the linear regime the propagation of small
density fluctuations is essentially one-dimensional in both models, in the direction perpendicular to
the cross section of a liquid’s lump. Under these approximations, it is shown that the speed of sound
scales as a square root of particle density in the case of the Gross-Pitaevskii liquid/condensate, but
it is constant in a case of the homogeneous logarithmic liquid.
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1. INTRODUCTION

The remarkable experiments with cooling magnetically
trapped alkali atoms down to nanokelvin temperatures
demonstrated a steep narrowing of the velocity and den-
sity distribution profiles [1H3]. This was explained by
the occurrence of the Bose-Einstein condensation (BEC)
phenomenon, earlier known to exist in noble gases, such
as helium-4 [4], and excitonic semiconductors at low tem-
peratures [5].

From the modern point of view, Bose-Einstein conden-
sates fall under a wide category of quantum Bose liquid.
This special kind of matter includes hydrodynamic me-
dia formed not only by integer-spin particles but also by
the “bosonized” combinations of fermions. The standard
theory of quantum Bose liquids is far from its comple-
tion, due to the obvious complexity of this matter and
large number of phenomena involved, as we shall discuss
below.

Historically, it was the Gross-Pitaevskii (GP) model,
which was first proposed for describing Bose-Einstein
condensation [6, 7). This is essentially a hydrodynamic
version of a quantum many-body model whose conden-
sate particles’ interaction potential was truncated at
the two-body contact term, within the perturbation ap-
proach’s paradigm [,19]. In this model, the cubic nonlin-
ear Schrodinger equation naturally occurs as an equation
for the condensate’s wavefunction. This approach thus
assumes that the pair interaction is largest in magnitude
when it comes to the Bose-Einstein condensation. This
assumption does seem acceptable for the diluted conden-
sates, such as vapours of alkali atoms, where interparticle
distances are sufficiently large to neglect the multi-body
(three or more) collisions. However, as the density grows,
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multi-body interactions should come into play, even for
laboratory quantum liquids [10412], let alone quantum
fluids in high-energy physics and astrophysics. On top of
that, effects of lower-dimensionality and nontrivial vac-
uum’s presence can come into play and somewhat narrow
an applicability range of the Gross-Pitaevskii model.

This inspired further corrections to the Gross-
Pitaevskii model, e.g., in the form of adding higher-order
polynomial terms to the (formerly) cubic Schrédinger
equation, to mention just some literature examples [13-
15]. Therefore, the question remains whether these poly-
nomial terms are exact, or they actually represent an in-
finite series expansion of some non-polynomial function
of condensate density.

The conceptually different model of the Bose-Einstein
condensate, defined by a wave equation with the non-
polynomial (logarithmic) nonlinearity, was proposed in
[16]. Subsequently, it was shown that the logarithmic
nonlinearity should universally occur in the systems with
the following properties: (i) they allow a hydrodynamic
description in terms of the fluid wavefunction (cf. [17]),
and (ii) their particles’ characteristic interaction poten-
tials are substantially larger than kinetic energies [18]. A
profound relation between logarithmic Schrodinger equa-
tions and quantum information entropy should be men-
tioned as well [19, [20]. Fruitful applications of the log-
arithmic models were found in various physical systems
[21-32]. Extensive mathematical studies of logarithmi-
cally nonlinear systems were performed as well, to men-
tion only very recent results [33-41].

In this paper, we perform a comparative study of the
propagation of sound pulses in cigar-shaped (effectively
one-dimensional) Bose-Einstein condensates in Gross-
Pitaevskii and logarithmic models. We shall use the
Thomas-Fermi approximation as well as consider a linear
regime at some stage. This is usually believed to deliver
a clear analytical picture of the underlying physics, while
avoiding technical complications. In the next section we
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give a brief description of both models. In section B we
consider their thermodynamical properties, and in sec-
tion @ we study the propagation of small fluctuations of
density. Some discussion and conclusions are presented
in section

2. THE MODELS

Both Gross-Pitaevskii and logarithmic Bose-Einstein
condensates are described by a condensate wavefunction
U = U(x,t), which is normalized to a number N of con-
densate particles of mass m:

/|\I/\2dV:/ndV:N, (1)
% 1%

where n = p/m = |U|? is particle density and V is the
volume of the condensate. This wavefunction obeys a
minimal U(1)-symmetric nonlinear Schrédinger equation

iho, ¥ = [—;iﬁ) V24 V(x) — F(\y?)} 0, (2)

where D = hi/m, V(x) is an external field potential which
usually describes trapping fields and confining vessel’s
boundaries in BEC experimental setups. Furthermore,
F(n) is a preselected function of particle density n, which
defines the condensate’s type; in our case:

—Ugn, (Gross-Pitaevskii BEC)
F(n) = 3)
bln(n/n.), (Logarithmic BEC)

where Uy is the strength of the two-body interaction,
and b is the logarithmic nonlinear coupling, and n. is a
critical density value (at which the logarithmic term is
nil). These parameters have different physical meaning
and origins. The parameter Uy is a fixed parameter of
the GP model, which can be expressed in terms of atom-
atom collisions:

Uy = 4rhaD, (4)

where a is the scattering length.

The parameter b of the logarithmic model is lin-
early related to the wave-mechanical temperature Ty,
which is defined as a thermodynamical conjugate
of the Everett-Hirschman entropy function Sy =
— [, [P In(JW[*/n.)dV. In case of Bose-Einstein con-
densates, this is quantum information entropy which
emerges from the logarithmic term when one averages the
logarithmic nonlinear wave equation in a Hilbert space of
wavefunctions ¥ [19, 20]. Tt becomes the thermodynam-
ical entropy of the condensate S = — [, nIn (n/n.)dV.
Correspondingly, it is conjectured that Ty is linearly re-
lated to the conventional (thermal) temperature T' [18],
thus we can assume here that

b~ Ty ~T, (5)

b= X(T*Tc)v (6)

where T, is a critical temperature at which the logarith-
mic term vanishes, and x would be a scale constant di-
mensionless in units where the Boltzmann constant is
one. This formula indicates that b is not a fixed param-
eter of the model, but its value depends on the environ-
ment of the logarithmic condensate.

One can see that the attractive/repulsive behaviour for
the Gross-Pitaevskii condensate is fixed by a sign of the
strength Uy, while the logarithmic condensate can switch
between attractive and repulsive regimes as density goes
across the value n.. This leads to many profound effects
which are only pertinent to the logarithmic Bose liquids,
including the enhanced stability [20, 29, |42].

3. THERMODYNAMICS AND FLUID
ANALOGY

Let us first derive an expression for the chemical
potential g, which is defined as the Lagrange multi-
plier that ensures constancy of number N under arbi-
trary variations of wavefunction [8]. Following the stan-
dard procedure, we use the stationary ansatz ¥(x,t) =
¥(x) exp (—ipt/h), to obtain from (2] the general expres-
sion for the chemical potential:

1 2
p= 5D Ve PP (0
where F'(n) would be given by equations (B]) for the
models in question. For example, for a free condensate,
V(x) = 0, we obtain

Uo|y|* = Uon,
e (8)
—bIn (|¢|*/ne) = —bIn (n/ne),

where the approximation indicates that we neglected the
kinetic energy term, trapping fields and boundary effects.
Here and in equations below, we shall omit the model
titles, assuming that top and bottom lines after a curly
bracket refer to the Gross-Pitaevskii and logarithmic con-
densates, respectively.

One can see that, similarly to the attractive/repulsive
behaviour discussed earlier, the chemical potential’s sign
in the case the Gross-Pitaevskii condensate is fixed by
a sign of the strength Uy, while the logarithmic conden-
sate’s u switches its sign as density goes across the value
n.. Thus, adding or removing particles to the logarithmic
condensate is energetically favorable in two of the four
regions {n 2 n., T 2 T.}, and unfavorable in others.
This, of course, has a crucial influence upon a stability of
the free logarithmic condensate, as mentioned above. In
presence of an external potential, the picture gets slightly
more complicated but the analysis can be easily done by
analogy.



Furthermore, let us deduce an equation of state from
equation ([2). To do that, we use the analogy be-
tween Schrodinger-type equations and inviscid isentropic
flows. This analogy has been known for a long time -
since works by de Broglie and Madelung [43, 44], and
subsequently it was rediscovered few times [45-448], to
mention only examples known to the author. For the
logarithmic Schrodinger equation specifically, the fluid-
Schrodingeranalogy was derived in [22], although with
some error in the equation of state; the correct equation
of state and derivation can be found in [20, 23]. For
the equation (2]) with a general function F(n), the fluid-
Schrodinger analogy was derived in [49].

According to the analogy, the wave equation (2]) can
be rewritten in the hydrodynamic form by using the
Madelung ansatz [43, 144], from which one can deduce
the equation of state and related values. In the leading
order approximation with respect to Planck constant, we
can neglect second derivatives of density (which is ro-
bust as long as we do not consider shock waves and other
fluctuations with a non-smooth density profile), the hy-
drodynamic equations have the perfect-fluid form, from
which we obtain the equation of state p = p(n) and speed
of sound c, respectively, as:

p%—/nF'(n)dn, c =~ y/—nF'(n)/m, (9)

where prime denotes an ordinary derivative. Therefore,
using the definitions (B]), we obtain for pressure:

7’L2U0/2,
pr (10)
—bn,

and velocity of sound:

v/nUy/m,

cR (11)
—b/m

where we omitted the approximation sign from now on.
One can see for that the squared velocity of sound is pro-
portional to density in the Gross-Pitaevskii case, whereas
for the logarithmic fluid it is independent of density.

A direct comparison of the formulae above indicates
that the logarithmic condensate is actually closer to the
ideal gas (whose pressure is a linear function of density)
than the Gross-Pitaevskii condensate is. Therefore, if one
does a Taylor series expansion of the general barotropic
fluid’s equation of state with respect to density, then the
first-order term (apart from a constant) would represent
the logarithmic liquid, whereas the Gross-Pitaevskii term
would be only a second-order (quadratic) correction.

4. SOUND IN CIGAR-SHAPED CONDENSATES

Let us consider a cloud or lump of BEC whose trans-
verse dimensions R being significantly less than its axial

dimension H aligned along z axis. In this setup, we as-
sume that sound pulses have characteristic length scale ¢
in the axial direction, R < ¢ < H, which is usually what
takes place in experiments like [1,13]. Along the lines of
those experimental setups, we expect that vertical vari-
ations of the confining potential are small compared to
the length ¢, as well as that the particles density value
being sufficient for the Thomas-Fermi approximation to
be robust.

Since the problem becomes essentially one-
dimensional, the cloud can be characterized by its
velocity v = v(z) and linear particle density

oc=o(z) = /n(x) dxdy, (12)

where (z,y) are coordinates in transverse dimensions.
Because in the previous section we established that the
nonlinear Schrédinger equations for both models can be
approximately rewritten in a hydrodynamic perfect-fluid
form, we can derive hydrodynamic equations for v and o
by integrating over condensate lump’s transverse coordi-
nates [50]. From the continuity and Euler equations, we
obtain, respectively:

do  O(ov)
;i + 82’ =0, (13)
dv
mo— + J— / dxdy, (14)

where the external potential V' occurs due to the trap
and electromagnetic interactions, and pressure p is given
by either of the formulae ([I0).

While the continuity equation remains common for
both models, Euler equations must be derived separately.
Using expressions ([I0), we obtain

—Uo/ — dzdy,
mad—v + Ua—v (15)

/ dxdy,

where we also assumed a constant b in the logarithmic
case, remembering its thermal interpretation (@l).

In order to simplify these formulae, let us recall that
in 1D case the change of density n can be expressed as
dn = do/A, where A the area of lump’s cross section.
Therefore, the Euler equations (IH]) become

_Uo 00
A9z’
mcrd—v + aa—v (16)
0z 9o
bg,

where we also recalled the definition (I2I).

Let us consider the linear approximation, where we also
assume that the variation of the external potential in the
z direction is small compared to other terms. In case



of the Gross-Pitaevskii condensate, this would also mean
that one can neglect spatial variations of the particle den-
sity averaged over the lump’s cross section. Altogether,
from (&) one can derive

Up 0 (o 0o\ 1l 020

m oz \Adz)  m 822
b 9%c
m 022’
where 7 = o/A is the particle density averaged over
the lump’s cross section. Finally, taking the total time
derivative of the continuity equation and using the last
formula, we obtain

92 m 022’

72 %

N Y
m 022’

(17)

where we are left only with terms which are linear with
respect to o.

If we assume that Uy is positive, and b is negative,
b = —|b| (i.e., x > 0 and T < T.), then we obtain
the hyperbolic-type partial differential equation in both
cases. This indicates that small density fluctuations
propagate in the direction perpendicular to the lump’s
cross section with the velocities

\/’FLUo/m,
Vbl /m,

which are similar to the corresponding expressions for the
homogeneous gas, except for the Gross-Pitaevskii con-
densate density must be replaced by the average density
over the cross section of the lump. It also reaffirms the
one-dimensional character of sound propagation in Bose-
Einstein condensates of both types.

(18)
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5. CONCLUSION

In this paper, we performed a comparative study of
the propagation of small fluctuations of density in cigar-
shaped Bose-Einstein condensates in Gross-Pitaevskii
and logarithmic models, using the Thomas-Fermi and lin-
ear approximations.

It is shown that the propagation of sound pulses is ef-
fectively one-dimensional in both cases. The difference
between them is that speed of sound scales as square
root of particle density in a case of the Gross-Pitaevskii
condensate, whereas this velocity is constant in a case
of the logarithmic condensate. It should be emphasized
that these results were obtained assuming a number of
approximations, which do not necessarily hold in a pres-
ence of large density inhomogeneities. For example, loga-
rithmic condensate, being essentially nonlinear, is known
to form such inhomogeneities, because it behaves more
like quantum liquid than gas [20, 21|, [26]. Apart from
the nonlinear phenomena, shock waves and other objects
with effectively non-smooth density profiles can violate
the above-mentioned approximations too.

Study of nonlinear and shock-wave effects in one-
dimensional quantum Bose liquids under more general
conditions goes beyond a scope of this report, and thus
it will be a subject of future work.
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