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Abstract

Composites have become important engineering materials, especially in the fields of auto-
motive, aerospace and marine engineering. This is due to the high specific strength and
stiffness properties they offer. At present, fibre-reinforced plastic (FRP) laminates are some
of the most common types of composite used. They are produced in various forms with
different structural properties. As with all engineering materials, there is the existence of
both advantages and disadvantages. One of the main disadvantages is the expense involved
in producing both the material and the finished product. The design time is also costly as

the material has to be designed concurrently with the structure.

An advantage of using composite materials is that their properties can be tailored by vary-
ing the ply orientations. By optimising these angles, the ply thicknesses can often be
minimised, thus lowering the mass of the structure. The effectiveness can also be increased
in many applications by using these materials as facings in conjunction with low density
core materials to form sandwich laminates. Sandwich constructions provide more tailoring

opportunities than monolithics, and thus greater chance of satisfying design constraints.

To simplify the fabrication process, discrete ply angles are often used, although continuous
ply angles are occasionally employed. Structures composed of composite materials often
contain components which may be modelled as rectangular plates or cylindrical shells, for
example. Modelling of components such as plates and shells can be useful as it is a means

of simplifying elements of structures.

The work presented in this thesis focuses on methodologies for optimally designing fibre-
reinforced laminated composite structures for minimum mass, deflection and cost, or maxi-
mum load-bearing capacity. Both discrete and continuous ply angles are considered. Search
routines have been combined with different techniques (like the Finite Element Method in
some cases) to assess fitness and produce powerful optimisation methodologies. The FEM
is a powerful numerical method that has become synonymous with composite design and
analysis due to the complex nature of the mathematics involved in modelling these mate-

rials.
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This thesis discusses six new procedures for the optimisation of composite structures. The
first four techniques are independent of structure, whereas the fifth and sixth procedures
are specific to rectangular sandwich plates (in the fifth case) and cylindrical sandwich shells

(in the sixth case). Examples are presented in each case, which demonstrate the technique.

Problem 1 is titled: Design of fibre-reinforced laminated composite structures for a mazimum
combination of torque and inplane load. It describes a procedure to select the optimal
fibre orientations and determine the maximum load carrying capacity of symmetrically
laminated fibre-reinforced composite structures. Cylindrical shells subject to combinations
of torque and inplane forces are used to illustrate the methodology and are optimally
designed for maximum strength. The finite element method, based on Mindlin plate and
shell theory, is used in this application in conjunction with an optimisation routine in
order to obtain the optimal designs. The methodology consists of two stages; the objective
of the first is to maximise the strength of the cylindrical shells by determining the fibre
orientations optimally while the objective of the second stage is to maximise the inplane
compression loading subject to a failure criterion. The effect of different shell aspect ratios,

wall thickness, layer numbers and boundary conditions on the results is investigated.

Problem 2 is titled: The optimisation of laminated composite structures for minimum mass
using the finite element method and genetic algorithms. A method is described that com-
bines genetic algorithms together with finite element analysis to design for manufacture
and minimise the mass of fibre-reinforced symmetrically laminated structures with several
design variables. The design constraint implemented here is based on the Tsai-Wu fail-
ure criterion. Composite rectangular plates with eight layers are used to demonstrate the
technique. Thus, the four fibre orientations and laminae thicknesses are to be determined
optimally. In addition, the fibre orientations and layer thicknesses must be selected from a
set of discrete (and commercially available) values. Also, variations of the technique which

enhance efficiency are mentioned.

Problem 3 is titled: The multiobjective optimisation of laminated composite structures for
both minimum mass and deflection using the finite element method and genetic algorithms.

It describes a methodology for using genetic algorithms with the finite element method
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to minimise a weighted sum of the mass and deflection of fibre-reinforced structures with
several design variables. The design constraint implemented here is based on the Tsai-Wu
failure criterion. Symmetrically laminated composite rectangular plates with eight layers are
used to demonstrate the technique. Thus, the four fibre orientations and laminae thicknesses
are to be determined optimally by defining a design index comprising a weighted average of
the objective functions and determining the minimum. In addition, the fibre orientations
and layer thicknesses must be selected from a set of discrete values. Results are presented
for different load distributions, and various combinations of clamped, simply supported and

free boundary conditions. The effect of aspect ratio on the results is also investigated.

Problem 4 is titled: A simple self-design methodology for laminated composite structures for
minimum mass and describes a simple procedure, based on the finite element method, for
the self-design of laminated composite structures. The objective is to minimise the mass,
and the design constraint implemented is based on the Tsai-Wu failure criterion. Suitable
elements from the finite element model of the structure are deleted until all the elements that
can be deleted without affecting the structural (or mesh) integrity have been. In addition,
because the present study adopts a numerical approach, the effects of bending-twisting
coupling are inclided. The finite element formulation used is based on Mindlin theory.
Simple composite rectangular plates with one and eight layers are used to demonstrate the

technique.

Problem 5 is titled: The optimal design of composite sandwich panels for minimum cost via
the selection of the best material combinations. A procedure is described to select the best
material combination and optimally design sandwich laminates with fibre-reinforced skins
and low density cores for minimum cost. The objective of this optimisation is to minimise
the laminate cost by selecting the skin and core material combination, layer thicknesses
and skin fibre angles optimally, subject to load and mass constraints. As the optimisation
problem contains a number of continuous (ply angles and thicknesses) and discrete (material
combinations) design variables, a sequential solution procedure is devised in which the

optimal variables are computed in different stages.



Problem 6 is titled: The optimal design of composite sandwich cylindrical shells for mini-
mum mass via selection of the best material combinations. It described a methodology to
select the best material combination and optimally design composite sandwich cylinders
having fibre-reinforced skins and low density cores for minimum mass. The objective of
this optimisation is to minimise the laminate mass by selecting the skin and core material
combination, layer thicknesses and skin fibre angles optimally, subject to load and cost
constraints. As the optimisation problem contains a number of continuous (ply angles and
thicknesses) and discrete (material combinations) design variables, a sequential solution

procedure is devised in which the optimal variables are computed in different stages.
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Chapter 1

Introduction

1.1 Fibre-reinforced composites

A composite comprises two or more materials having characteristics that are derived from
the individual constituents [1]. Depending on how these constituents are combined, the
resulting composite may have the combined characteristics of the constituents or substan-
tially different properties to the individual constituents. Occasionally the properties of the

composite exceed those of the individual constituents themselves.

Fibre-reinforced composite materials are the most commonly used form of these constituent
combinations. The fibres of such composites are usually strong and stiff and serve as the
primary load-carrying constituent. The matriz, being a softer material that supports the
fibres, serves to distribute the loads evenly across the fibres. The matrix also redistributes
the loads from a broken fibre to the adjacent fibres in the material when fibres start failing
under excessive loads. This property of the matrix contributes to one of the most impor-
tant characteristics of fibrous composites; improved strength compared to the individual

constituents.

A form of fibre-reinforced plastic composite comprises thin layers (or plies) of material
completely bonded together to form composite laminates. The plies of a laminated com-

posite material may be different single materials and may be composites themselves. These




fibrous composite layers can be placed so that the different layers have different character-
istics. This type of composite is the most commonly encountered laminated material used

in the design of high-performance structures.

1.1.1 Properties of laminated composites

Material orthotropy

Laminate properties (ie. strength, stiffness, thermal, etc.) depend on the form of the
reinforcement [1]. The directional nature of the fibres introduce directional dependence
to most of the properties. Materials whose properties are independent of direction are
called isotropic materials. Conversely, those materials with different properties in different
directions are called anisotropic. A special case of anisotropy is the existence of two mutually
perpendicular planes of symmetry in the material properties. Such materials are referred to
as orthotropic. Continuous fibre composites are orthotropic in nature and their properties
are defined in the plane of the layer in two directions; the direction along the fibres and the

direction perpendicular to the fibre orientation.

Stiffness is an example of an orthotropic material property of unidirectional fibre-reinforced
laminates. Both the matrix and fibres are generally isotropic. However, when combined,
the properties become anisotropic. Consider the fibre-reinforced material shown in Figure
1-1, loaded along either the fibre direction, x;, or transverse to the fibre direction, 5. When
the material is loaded along the fibre direction, the deformation is small compared to the
deformation under a load of the same magnitude applied in a direction perpendicular to
the fibre. Since the amount of deformation under a specified load reflects the stiffness of
a material, the unidirectional composite has different stiffness properties along these two
mutually perpendicular directions. The stiffness of the laminate in the fibre direction is
much closer to that of the fibre stiffness, Ey, and the stiffness perpendicular to the fibre
direction is governed mostly by the properties of the matrix, Ep,, Gm, and v,,. Directions
that are along the fibre and perpendicular to the fibre directions are commonly referred to

as the principal material directions or principal azes of the material.



Figure 1-1: Elastic properties of a unidirectional fibre-reinforced composite layer

Four elastic stiffness properties, commonly referred to as the engineering constants, describe
the mechanical properties of an orthotropic layer in its plane. These are two Young’s moduli,
E; and E», along the fibre and transverse to the fibre directions, respectively, and the shear
modulus G712 and Poisson’s ratio v15 in the plane of the layer. These properties are related
to the amount of fibre present in the composite layer. A quantity, Vy, referred to as the fibre
volume fraction, is commonly used to measure the amount of fibre in a composite material.
Typical stiffness properties of various unidirectional composite materials are given in Table
1.1, along with the fibre volume fraction. The properties are for cured laminates made up
of T300/5208 Graphite/Epoxy, S-2 Glass/Epoxy and Kevlar 49/Epoxy (2], [4]. The Balsa

and PVC properties are used as core materials.

Typical strength properties for T300/5208, S-2 Glass and Kevlar 49 (all with Epoxy),

unidirectional laminae are given in Table 1.2.

Material P, p(kg/m3) E; (GPa) E, (GPa) Gy (GPa) v Vi

T300/5208 5 1600 181 10.34 7.17 0.28 0.70
S-2 Glass 1 2000 43.5 11.5 3.45 0.27 0.60
Kevlar 49 3.5 1460 76 9.5 2.3 0.34 0.60

D-100 Balsa 0.6 150 3.4 3.4 0.159 0.4 -
B-2.5 PVC 25 40 0.028 0.028 0.013 0.3 -

Table 1.1: Properties of the skin and core materials



Longitudinal Longitudinal Transverse Transverse
Material tensile compression tensile compression  Shear
X X’ Y Y’
T300/5208 1500 1500 40 246 68
S-2 Glass 1062 610 31 118 72
Kevlar 49 1400 235 12 53 34

Table 1.2: Strengths of various unidirectional composites (MPa)

Laminate definition

The laminae discussed thus far are described according to a standard notation called the
stacking sequence [1], which lists fibre orientations as being measured from the laminate
reference axis. If the orientation is counterclockwise from the reference direction, it is con-
sidered positive. The standard stacking sequence lists orientations of the different layers,
starting from the top of the laminate to the bottom. A laminate with N layers is repre-
sented as [01/02/.../0n] and is symmetric when the fibre orientations of the bottom half of
the laminate are mirror images of the fibre orientations above the midplane of the laminate;
for example, [—~45/30/0/45/45/0/30/ — 45]. Symmetric laminates with an even number of
layers are represented by the portion of the stacking sequence above the laminate midplane
followed by the subscript ’s’ after the closing bracket, [—45/30/0/45]s. If the layers within
the brackets are repeated, the number of repetitions can also be placed after the bracket
before the subscript 's’. That is the laminate [45/0/45/0/0/45/0/45] can be represented
as [45/0]2s. A laminate is said to be anti-symmetric if the magnitude of the ply orienta-
tion angle below the laminate midplane is a mirror image of the ply orientations above the
midplane with the signs reversed. For example, [45/ — 45/45/ — 45] is an anti-symmetric
laminate. It can be desirable to place a negative 6 orientation for every positive 8 ori-
entation. These laminates are called balanced laminates. Pairs of positive and negative

orientations do not have to be placed adjacent to one another.

Several unique cases of laminate stacking sequence definitions can also be used. Laminates
that have alternating orientations of 0° and 90° plies are known as cross-ply laminates.
Examples of cross-ply laminates include [0/90], [0/90]s, and [03/90]s. Laminates consisting
of an equal number of equal-thickness layers at +6 and —@ fibre orientations are known

as angle-ply laminates. For example, a 30° symmetric angle-ply laminate could be [30/ —



30/30/ - 30]s. All the layers of an angle-ply laminate have the same fibre orientation angle,
say @ = a, with an alternating sign. A very important and common class of laminates is
called quasi-isotropic because the inplane effective elastic response of this class of laminates
is isotropic. All symmetric laminates with 2N equal-thickness layers (N > 3) and N equal
angles between fibre orientations (Figure 1-2) are quasi-isotropic. For N equal angles of Af

between fibre orientations:

Af = (1.1)

s
N

Examples of quasi-isotropic laminates are those with angles A between fibres of 60° (7/3),

45° (m/4), 36° (7/5), 30° (m/6), etc.

\< N
- N TN
N=3(A6=60) N=4(A6=45) N=6(A8=30)

Figure 1-2: Quasi-isotropic fibre orientations

1.1.2 Mechanics of laminated composite materials

To design a structure that will meet the requirements of certain response quantities such
as displacements, stresses or buckling loads, the response for a specific loading must be
determined. Elastic properties form the relation between stresses and strains and are the
fundamental quantities that govern the material response. Quantities such as deformations,
stresses and buckling loads Vdepend on elastic properties such as the elastic modulus, shear
modulus and Poisson’s ratio. In designing structures made up of monolithic materials

these properties are normally given and are not included among the set of parameters that



the designer varies in order to improve the performance of the structure. For composite

materials, part of the effort is to design the elastic properties of the laminate.

Thin structures made from thin layers of material can carry loads through two different
types of mechanisms. The first involves stretching or compressing the layers in their own
plane and is referred to as membrane action. The second mechanism involves bending of

the layers.

Orthotropic layers

Individual layers have directional properties with planes of symmetry that are not neces-
sarily oriented along the z - y axes of the laminate [1]. For a unidirectional fibre-reinforced
lamina there are two perpendicular planes of symmetry that define two principal axes of
material properties (see Figure 1-3). These principal axes correspond to the direction of
the fibres and a direction transverse to the fibres and are denoted by subscripts '1’ and ’2’,
respectively. Such layers are referred to as orthotropic and the 1 — 2 axes are the principle
axes of orthotropy. When the principal axes of orthotropy are oriented at an angle, 6, with
respect to the axes of the laminate (an off-axis layer), the laminar behaviour will appear to

have the characteristics of an anisotropic material.

Figure 1-3: Planes of material symmetry for an orthotropic layer



The equations that govern fibre-reinforced laminates are as follows:

E, E,
n = —-, Qp=—"— 1.2

@ 1 — v 1 —wvi9v0 (1.2)

viaFn v En
Q12 = 7 =

—viovar 1 —viovg
Qes = G2

and the Poisson’s ratios are:
v v
21 _ V12 (1.3)

E, Ei

After much mathematical manipulation, a material stiffness matrix can be found (Eqn.

1.4):

01 Qu Q2 O €1
o2 = | Qa Qx O €2 (1.4)
T12 0 0 Qs Y12

In matrix notation Eqn. 1.4 can be represented as:

o= Qe (1.5)

where the matrix @ is commonly referred to as the reduced material stiffness matriz. The

transformed reduced stiffnesses @ij are related to the @;; by

Qn = GOn cos* 0 + 2(Q12 + 2Qss6) sin? 0 cos® 6 + Qo sin @ (1.6)
Q1 = (Qu + Qa2 — 4Qes) cos? sin® O + Q12(sin® § + cos? §)

Qo = Qui1sin®0+2(Q1a + 2Qes) sin? § cos? § + Qap cos* 0



Qi = (Qu1 — Q12— 2Qes)sinfcos® § + (Q12 — Qo + 2Qss) sin® f cos 8
Qs = (Qu1 — Q12— 2Qes)sin B cosb + (Qi2 — Qo + 2Qgs) sin § cos® 8
Qes = (Qu1 + Q22 —2Q12 — 2Qes) sin? @ cos? 6 + Qe (sin® @ + cos* 6)

These equations can be put into a simpler form by using trigonometric identities to replace

the terms with powers of sines and cosines of the fibre orientation angle 8 with the sine

and cosine of multiple angles 20 and 46. Tsai and Pagano (5] defined the following material

properties:

U1
U2
Us
Uy

Us

= (3Q11 +3Q22 + 2Q12 + 4Qss) (1.7)
5 (Qu — Q)

(Qu1 + Q22 — 2Q12 — 4Qs6)

(Qn1 + Q22 + 6Q12 — 4Qss)

(@11 + Q22 — 2Q12 + 4Qes)

— 00| =

00 = 00 = 00| = b

which yield a simpler form of the transformed reduced material stiffness matrix as

= U+ Ujzcos28 4 Uscos48 (1.8)
= Uy —Uscos4f

= U; —Uscos?26 + Uscos4f

= %Ug sin 260 + Us sin 46

= %Ug sin 26 — Uz sin 46

= Us — Uscos4f

Both the U’s and the @’s are independent of the ply orientation, but the Q’s are dependent

on ply orientation for orthotropic materials. An advantage of the form of the reduced



stiffnesses in Eqn. 1.8 is the constant parts of @y, @12, @22, and Qgg given in terms of the
Ui, Uy, and Us which do not depend on the ply orientation. Based on this feature, the U’s

are sometimes called the material invariants.

1.1.3 Laminate theories for monolithic laminates
Classical Laminate Theory

A monolithic laminate is one in which no core material exists. Classical Laminate Theory
(CLT) provides a simple and difect technique for calculating stresses and strains in lami-
nates. It is not very accurate, though, as it does not satisfy elasticity equations at every
point. It applies to a section of plate over which both forces and moments are assumed
constant, and in which through-thickness shear strain is ignored [6]. Therefore, only in-
plane direct and shear stresses are considered. CLT is equivalent to beam theory, which
only considers a pure moment loading, which results in a direct stress acting parallel to the

beam’s longitudinal axis. Shear strains are ignored.

In practice, beams are usually subjected to bending moments which vary along their length.
The resultant direct stresses cause shear stresses, and can be calculated from equilibrium
equations. Even in these circumstances shear strains can usually be ignored as they only
have a significant effect on beam deflections when the beam is considered short. For a
laminate, such shear stresses are referred to as interlaminar shear, and can give rise to

interlaminar failure or delamination.

Plate equations can be modified to include varying moments and through-thickness shear
strains. The plate constitutive equations are modified to account for the through-thickness

shear resultants by including two additional terms in the A matrix.

The inclusion of shear strains is appropriate for thick isotropic plates, and also for thick
composite plates. The latter will generally have a low through-thickness shear modulus,
thus making the inclusion of such shear strains advisable for typical composites, even if of

moderate thickness.



Edges The limitations of CLT imply that the plate is infinitely long and wide (ie. the
theory ignores edges). In many practical situations, laminates, such as test coupons, have
edges. The stresses acting at a plate edge can be seen in Figure 1-4. A simple example is
the free edge of a cross-ply laminate. Due to the mismatch in ply Poisson’s ratio (90°/0°), is
preferred to (0°/90°)s as the latter produces tensile through-thickness stresses. A problem in
analysing these situations is that the high stresses occur within one or two plate thicknesses

from the edge. Solutions can also indicate singularities in finite element models.

Figure 1-4: Stresses at laminate edge in the z-direction

Assumptions of Lamination Theory The following assumptions are fundamental to

laminate theory [4]:

1. The laminae are perfectly bonded.

2. Each layer is a homogenous material with known effective properties.

3. Individual layer properties can be isotropic, orthotropic or transversely isotropic.
4. Each layer is in a state of plane stress.

5. The laminate deforms according to the following Kirchhoff assumptions for bending and

stretching of thin plates:

5a. Normals to the midplane remain straight and normal to the deformed midplane after

deformation.
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5b. Normals to the midplane do not change length.

Laminates of orthotropic plies CLT assumes that N orthotropic layers are perfectly
bonded together with an infinitely thin bond-line and the inplane deformations across the
bond-line are continuous [1]. The mechanical behaviour of laminated plates is characterised

by the following relationship:

N A B °
= (1.9)

M B D K
where NT = (N, Ny, Nyy) is the vector of inplane force resultants; MT = (M, My, Myy)
is the vector of moment resultants; ° = (eg,eg,sgy) and K = (Kg, Ky, Kgy) are the

midplane strains and plate curvatures, respectively. Using CLT u, v and w being the

midplane displacements in the z, ¥ and z directions:

o =1Ug K = —w g

o __ —
€=Uy Ky = —wyy (1.10)
Eay = Uy T Uz Koy = —2wWzy

Equation 1.11 represents the inplane stiffness matriz, Eqn. 1.12 the coupling or bending-

extension stiffness matriz, and Eqn. 1.13 represents the material flexural stiffness matriz.

N
Aij =) (@ij)(k) (zk — 2k—1) (1.11)
k=1
N
B;; = % k\é (Qij)(k) (21% - ZI%—I) (1.12)
N
D;j = % lcz=:1 (@i])(k) (z,% - zl%-—l) (1.13)

with7=1,2,6 and j = 1,2,6 and where the @ij | are the elements of the reduced stiffness
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matrix of layer k and zj the coordinates of the interface between ply k& and ply k£ + 1.

In applications where symmetric laminates are used, the B matrix representing the bending-

extension coupling vanishes and:

{N} = [4]{e") (1.14)

{M} = [DI{K} (1.15)

Elastic properties of composite laminates The inplane, bending and coupling stiff-
ness matrices are sufficient to describe the elastic response characteristics of a laminate
under combined inplane and bending loads [1]. Due to the complex couplings that exist
between the different deformation modes for laminates, it is not possible to associate the
stiffness properties of a laminate with quantities that are similar to the classical elastic

material properties.

Unless the lamination sequence is symmetric with respect to the laminate midplane, there
exists a coupling (B # 0) between inplane and bending deformations. A more intricate
coupling is due to the Bjg and Bagg terms. These terms may induce twisting deformations
in laminates even if there is no applied twisting action. Laminates loaded by inplane loads
inducing uniform inplane stress states will experience twisting curvatures. The Byg and Bag
terms are often referred to as the extension-twisting coupling terms and are caused by the

existence of off-axis layers that are not symmetric with respect to the laminate midplane.

When restricted to symmetric stacking sequences, vanishing of the B matrix eliminates
coupling between the inplane and out-of-plane responses of a laminate. In this case, the
midplane strains are only related to the inplane stress resultants and the curvatures to the

moment resultants.

For the bending stiffness matrix, the stiffness terms Djg and Dag couple the moment resul-

tants M, and M, with the twisting curvature. The resulting effect is the tendency of the
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laminate to curl under applied uniform bending moments. Thus, the D;g and Dyg terms
are referred to as the bending-twisting coupling terms. These terms exist for all laminates
that have layers with off-axis orientations. Their relative magnitude compared to the other
bending stiffness terms may be made small by manipulating the stacking sequence, but

unless the off-axis layers are removed from the laminate they will have a finite value.

Similarly, the existence of the Ajg and As terms in the inplane stiffness matrix yields a
coupling behaviour termed shear-extension coupling. The net effect of these terms on the
laminate response is the induction of shearing deformation under inplane normal stress
resultants Ny and Ny. Although the primary reason for the existence of these terms is
the presence of layers with off-axis fibre orientations, unlike the bending-twisting terms,
these terms may be eliminated quite easily by enforcing a balanced condition of the off-axis
layers. Balanced laminates have to be placed adjacent to each other, but can be at separate
through-thickness locations. However, the distance between them has a direct influence
on the Dig and Dag terms. Balanced laminates with adjacent layers of plus and minus 8
orientations will have smaller bending-twisting terms compared to ones that have layers
with the same orientations grouped together and separated from the layers with negative

angles.

In cross-ply laminates the Dyg and Dgg terms are zero since the Q¢ and Qg terms are

zero. The A and Agg terms are zero for angle ply laminates.

Mindlin Plate theory

To account for transverse shear deformation, the assumption that right angles in a cross-
section are preserved must be abandoned [7]. This means that planes initially normal to
the midsurface may experience rotations different from rotations of the midsurface itself.
Thus the differential element in Figure 1-5 has the deformations depicted in Figure 1-6,

where 6, and 6, are rotation components of a line initially normal to the midsurface.
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Figure 1-5: Differential slice of a plate of thickness ¢ before loading

Combining these displacements with Eqns 1.16

Ou ov ou Ov

6z=a—w Ey=6—y ’)’zy=a—y+%

Eqns 1.17 are obtained

v=—20; €= —z% Vyz = %1; -0,
72:1: = g_'l: + ey
instead of Eqns 1.18.
O*w 0w 0w

Ex = —Z—a_xE Ey = —Za—y2 ’)’xy = —225}:-3—3/

(1.16)

(1.17)

(1.18)

Equations 1.17 are the main equations of Mindlin Plate Theory. If 6, = Qw/dy and

6, = —0w/0z, transverse shear deformation vanishes and Eqns 1.17 reduce to Eqns 1.18.

Loads and supports Loads in the z-direction, either distributed or concentrated, may

be applied to lateral surfaces z = £t/2 or to edges of a plate. Such loads are called lateral
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Figure 1-6: (a) Displacements and positive directions for rotations 6, and 6, viewed normal
to the zy plane. (b) Mindlin theory displacements in an zz-parallel cross-section. (c)
Mindlin theory displacments in a yz-parallel cross-section.

loads. Distributed load has dimensions [force/length?] on a lateral surface or [force/length]
on an edge. A plate edge may also be loaded by a bending moment whose vector is tangent

to the edge. The same kinds of edge loads may be applied to the plate by supports.

At the point where a concentrated lateral (z-direction) force is applied, Mindlin theory
predicts infinite bending moments and infinite displacement. In reality no force can be
truly concentrated, and in plate theory the infinities disappear if the concentrated load is

applied over a small area instead [7].

1.1.4 Sandwich laminates

In order to minimise the mass and deflection capabilities of composite plates, sandwich
panels are often used. Sandwich panels are found in many applications, such as in aerospace,
marine and automotive structures. These plates will invariably undergo various loads and
it is thus important to optimise them. In many applications, numerous different materials
can be successfully used. The cross-section through a sandwich panel can be seen in Figure

1-7.
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Figure 1-7: Cross-section through sandwich panel

Core materials

The deflection of a beam under a given load depends on its geometry and the modulus
of the material. The easiest way to make a beam more rigid is to make it thicker (the
deflection is increased as the cube of the length and decreased as the cube of the thickness).

The deflection can be halved if the thickness is increased by a quarter.

Where mass is critical, it is preferable to use a sandwich construction where the outside
surfaces, or skins, in which the highest tensile and compressive stresses occur, are separated
by a core of much lighter material. There are different types of commonly used cores, which

include honeycombs, balsa wood and plastic foams.

The skins are chosen from a material that gives enough strength and stiffness, abrasive
and corrosion resistance, desired appearance and ease of production. The core is chosen
from criteria such as; design of the construction, ease of application, mechanical properties

(static and dynamic), design temperature, and bond properties.

The minimum strength of the bond must satisfy the requirements of the core material. A
loss of strength in the bond gives the result that the shearing forces cannot be transferred
from the skins to the core. The shear stiffness and strength of the core are of vital impor-
tance in determining critical deflections and loads. Too low a core density gives intolerable
deflections and perhaps shear fracture. The same discussion holds for the risk of local

buckling (ie. wrinkling and face dimpling).
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Advantages of using sandwich laminates

One of the advantages of using fibre-reinforced laminated composites is that they possess
low densities. In the aerospace industry low mass structures are critical in order to improve

efficiency (ie. better fuel consumption, better maneuverability, etc.).

The use of sandwich construction combining thin strong skins over thick lightweight cores
suggests possibilities of deriving constructions that achieve a minimum mass for a given
stiffness or load. The minimum-mass constructions derived may not be practical due to
unusually thin skins which are not commercially available, or some other detail such as

unusual lightweight core of great thickness.

1.1.5 Buckling of fibre-reinforced composites

Fibre-reinforced laminates can fail by a phenomenon known as buckling when subjected
to compressive or shear loads [8]. This is especially true if the laminates are thin. The
characteristic of buckling is that the panel retains its original configuration until the initial
buckling load is reached, at which point large out-of-plane displacements occur. The mag-
nitude of the load is determined by the stiffness of the laminate, together with the geometry

and edge supports.

Most structures can continue to sustain load over and above the initial buckling strength.
Final failure will be determined by the strength of the laminate and it is usual for the
design load to be equal to, or less than the initial buckling load. In only a few situations is

it possible to use closed-form solutions to calculate initial buckling loads.

Buckling of flat plates

Consider a rectangular plate in the Cartesian z - y plane with dimensions of length a, width
b, thickness ¢ and fibre angle 8. The coordinate system z,y,z is located in the midplane, and
the plate is subjected to compressive forces Ny in the z direction and Ny in the y direction

with the load-ratio defined as A = N, /N;. The laminae are symmetric with respect to the
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midplane and the plate is simply supported at all edges.

It may be shown that the buckling load is given by [8]:

n2m2 Diia;2 + 2(Dia+

N(m,n) = =—————
( ) b2(1 + /\a%m) + 2D66) + Dgga?rm

(1.19)
where m and n represent the half wave numbers, o, = na/mb and D;; are the bending
stiffnesses. The critical load is obtained by minimising N(m,n) over the integer parameters

m and n. Thus the critical buckling load is given by

N = %;Ile(m, n) (1.20)

In Eqn. 1.19, the terms involving bending-twisting coupling stiffnesses D;g and Dag have
been omitted. Their effect on the buckling load becomes negligible provided the following

conditions are satisfied

Dig/(D11D3,)1/* < 0.2, Dog/(DpaD3y)* < 0.2 (1.21)
This result and further discussion of the subject are given in Ref. [9].

Buckling of laminated cylindrical shells

A common structural element is the hollow cylinder or tube. Tubes are used in a wide
variety of fabricated applications such as hoses, pipes, drive shafts, structural members and
space trusses. Fibrous composites can be fabricated accurately and efficiently to specifica-
tions as laminated tubes using filament winding, pultrusion, or other fabrication methods.
The opportunity to create an optimised configuration in terms of materials selection, fibre

orientations and layer thicknesses is ever present.

Consider a symmetrically laminated cylindrical shell with orthotropic FRC layers. The shell

lies in the z,y,z coordinate system, where z is the longitudinal, y is the circumferential, and

18



z is the radial direction. It has dimensions of length !, mean radius R and wall thickness
t. The displacement components of the midplane are given by u,v and w in the z,y and 2
directions, respectively. The fibre angle is defined as the angle between the fibre direction
and the longitudinal (z) axis and is given by 8. The fibre orientations are symmetric with
respect to the midplane of the shell and are given by 8y = (—1)%*14 for k < Kr/2 and
0, = (—1)%0 for k > Kr/2 + 1, where k = 1, ..., KT with k being the layer number. The
buckling of a symmetric cylindrical shell under an axial load IV, is governed by the system

of equations [11]:

AUz + A (’Uyzy + wym/R) + Ags (’U,zy + u,zy) =0 (1.22)
Ags (’U’m; -+ ’U,,zy) + Algu,my + Aso (’U,yy + 'LU’y/R) =0
Dllw,zzzz +2 (D12 + 2D66) W gzyy + D22w,yyyy +

[A12u ; + A2z (Vy +w/R)] /R = Nyw 44

where A;; and D;; are the extensional and bending stiffnesses, respectively. Due to the
mid-surface symmetry of the shell, the bending-extension coupling matrix does not appear

in Eqn. 1.22. For a simply supported shell, the boundary conditions are given as:

w=0,v=0atz=0, L (1.23)

The solution to the system of Eqns 1.22 which satisfies the boundary conditions (Eqns 1.23)

is obtained by taking the displacements in the form:

U = Unmncos |z )sin (= (1.24
= Umn 7 i Ry .24)
. [/mm . [/mm
V = Umppsil (TQS) sin <Ty)

Wy SIN mr in [ 2

w = —z —
where Umn, Vmn and wpy,y, are the amplitudes of the displacement components, and m and
n represent the half-wave numbers in the axial and circumferential directions, respectively.

The buckling load N, corresponding to these wave numbers is obtained as an eigenvalue

of the linear system of equations by substituting Eqns 1.24 into Eqns 1.22. The following
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expression results from this computation:

Cin Ci2 Cis
Cyn Cp C23
L\2| Cs C32 Cs3
MW%@=&E> (1.25)
Cui Cr2
Ca Cx
mm 2 n\2
_ mr n 26
Cn A11< L) + Ags <R> (1.26)
n\2 ma\ 2
Cpn = Axp (ﬁ) + Ags <T>
4 mr\2 /n\?2 n\* A
Css = Dy (%) +2(D12+2D66) (—L—> <§> + Doy (E) +E222

mm n

Ciz = Co1 = (A12+ Asp) (T) <§>
Cizs = C3= A1 (ﬂ)

R L
_ _Axp (n
Cy = Cn= R (R)

The critical load is obtained by minimising N(m,n) over the integer parameters m and n.

Thus the critical buckling load is given by:

Ny = %171:. N(m,n) (1.27)

In Eqns 1.26, the terms involving bending-twisting coupling stiffnesses Ajg, Asg, D1g and
Dog have been omitted. Their effect on the buckling load becomes negligible provided the

following conditions are satisfied,

Dis/(D11D35)V* < 0.2, Dog/(DoaD3,) /4 < 0.2 (1.28)

This result and further discussion of the subject are given in Ref. {9)].
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1.1.6 Combined torque and inplane compression of cylindrical shells

Consider a symmetrically laminated cylindrical shell of length I, diameter d and wall thick-
ness H under combined loadings of torque T and inplane compression load P as shown
in Figure 1-8. The shell is located in the z,¢,r coordinate system and is constructed of
an arbitrary number K of orthotropic layers of equal thickness hy and fibre orientation 6

where k =1,2,..., K.

H

)
I k -8
kt1 @
k+2- 8 .
v \ /:_}__ k3-8 Mid-plane
/ kt4 6
— — T - k+t5-_ 6
oo L
' K 0
d R O
lr_______
\\
- -
P—A— w-fhA—P
T
]

Figure 1-8: Geometry and loading of cylindrical shell

The axial (z) direction of the cylinder is the 90° fibre direction. If the inside radius is R;

and the outside radius R,, then the expression for P is given as [4]:

R, K T
P= / 2noyr dr =27 Z/ B (r)r dr (1.29)
R; k=1"YTk-1
where o, is the resulting inplane stress.
Similarly, the torque 7" is given as:
Ro [ ®
T= 27r/ Tpgr? dr = 2m Z/ Tao (r)r? dr (1.30)
R; k=1"YTk-1
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where T A is the shear stress moment.

Due to the symmetry of the laminate, the force resultants in the geometric coordinate axes

are given by

[N] = [A][e] (1.31)
where
N, Al A Age Ex
[INI=| Ny |, [Al=]| A1z A Ay |, [E]=| 4 (1.32)
Nzg Ag Az Ass Yeo

In Eqn. 1.32, A;; are the extensional stiffnesses given by A;; = HQ;;(¢) for 4,j = 1,2 and
i,j = 6 and A;s = 0 for balanced laminates with 2 = 1,2. Also in Eqn. 1.32, €z,€4,744
denote the normal and shear strains. Here Q;;j(¢) is the transformed reduced stiffness

component.

The stress-strain equations for the k** orthotropic layer are given by
~(k
[s®] = Q5] (1.33)

where [¢] = [A]7}[N] from Eqn. 1.31, and [s(¥)] = [o—&’“) a‘(ﬁk) Tg;)]T denotes the stress vector
in the ¢ coordinate system. The stress vector in the material coordinate system, denoted
by [0®)] = [agk) agk) T&?]T, is obtained from the geometric stress vector [s(*)] via the matrix
transformation [0(F)] = [T%)][s(¥)] where [T®)] = [T(¢;,)] denotes the transformation matrix

for the k** layer. From these equations it follows that [o(¥)] = [T’“)][Qg.c) 1[el-

1.1.7 Flexural response of fibre-reinforced composites

The major difference between designing for inplane response and flexural response is in
the importance of the stacking sequence. For inplane response, only the total thickness of
the layers of a given orientation matters, whereas for flexural response, the order of the
layers with different orientations is as important as their total thickness. Layers that are

located on the outside of the laminate contribute much more to the overall flexural stiffness
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than identical layers that are located near the midplane. Unlike inplane response, flexural
stiffness response often depends not only on the thickness of the laminate but also on its

other dimensions.

Consider a symmetrically laminated rectangular plate of length a, width b and thickness h
under a transverse bending load ¢(z,y), as shown in Figure 1-9. The plate is located in the
z,y,2 plane and constructed of an arbitrary number K of orthotropic layers of thickness hg
and fibre orientation ) where k = 1,2, ..., K. The displacement of a point (z%, 3°, 2°) on

the reference surface is denoted by (u?, ¥, w?).

Y
1 0
~ k-0
k+1 ©
d K2 0 g
-~ k#3 -0 plang"
e k+4 ©
q(xy) k+5 -0
~ -
// ~ K 0
Z’ -~ \+ek b
>
a
J X

Figure 1-9: Geometry and loading of plate

The governing equation for the deflection w in the z direction under a transverse load q is

given by [10]:

Dnw,zzzz +4D16waxmzy +2(D12 + 2D66)wyzzyy +4D26wmyyy +D22wayyyy =4q (134)

where variables after the comma denote differentiation with respect to that variable.
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As no simplifications are assumed on the elements of the [D] matrix, Eqn. 1.34 includes

bending-twisting coupling as exhibited by virtue of Dy # 0, Dag # 0.

1.1.8 Failure Criteria

To predict the failure of structures, the stresses are usually compared to the material
strength limits [1]. The fundamental stress-strain relations, equilibrium equations and
boundary conditions for a specific laminate configuration can be used to determine the
stresses or strains under prescribed loads. Determining the strength of a laminate presents
several difficulties. The first is that there is no sound analytical foundation for the deter-
mination of strength. This is also true for isotropic materials where the strength properties

are determined empirically from tension and compression coupon test data.

The second difficulty is caused by through-thickness variation of stresses within the lami-
nate. For monolithic isotropic materials, stress concentrations are likely to cause localised
failures. For brittle materials, local failures generally lead to complete fracture and a total
loss of load-carrying capability, whereas for ductile materials local failure is in the form
of yielding that remains localised. High-performance unidirectional composite materials

generally behave in a brittle manner.

There is an additional level of complication when dealing with laminates, which is the result
of stacking together several layers with different orientations and material properties. As
both the stresses and strengths may vary across different layers, it is possible that the
stresses in one or more of the layers would reach their limiting strength earlier than other
layers as the loading increases. It is, thus, likely that the laminate would suffer damage
in the form of local (and most probably brittle) failures in those layers before ultimate
structural failure is reached. In some applications first-failure of any layer is not acceptable
as it degrades the strength and stiffness of the laminate. Failure prediction based on first-
failure is commonly referred to as the first-ply-failure criterion. In other applications the
laminate is considered to be unfailed as long as it stably carries a portion of the first-ply-
failure load. In this case, failure progresses from one layer to others as the load is increased,

leading to what is referred to as progressive failure
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Using unidirectional laminates with orthotropic properties brings in additional complexities
to failure prediction. At the macroscopic level the elastic properties change as a function
of layer orientation. Therefore, the strength of unidirectional plies is direction dependent.
The strength in the fibre direction is generally high, whereas the strength in a direction
perpendicular to the fibre is controlled by the matrix material and is usually an order of
magnitude lower than the fibre direction strength. Therefore, a load applied to a laminate
along the fibre direction may be carried safely, whereas the same load may cause failure
when applied perpendicularly to the fibres. It is also possible that, for a lamina restrained
in a direction transverse to the fibres, application of loads along the fibre direction may

induce failure transverse to the fibres due to Poisson’s effect.

Axial compressive strength

Compressive failure of unidirectional composites loaded in the fibre direction is usually con-
sidered to be a microbuckling problem (sometimes called shear crippling or fibre kinking).
As such, it is influenced by many factors, including fibre size and shape, fibre waviness,
fibre/matrix bond strength, fibre and matrix stiffness, and fibre and matrix compressive
strength. Composites using small-diameter fibres such as carbon, glass, and Kevlar are
more susceptible to fibre buckling than those made with larger diameter fibres such as

boron.

Tsai-Wu Failure Criterion

A general form of the failure criterion for orthotropic materials under plane stress assump-
tion is known as the Tsai-Wu failure criterion [2], (3], which stipulates that the condition

for non-failure for any particular ply is:

F(0) = Fiy0M0l® + FrolPol) + Fegr®r® + 2F150F6) + Fiol®) + 10lP <1 (1.35)

where the strength parameters F1y, Foo, Fgg, F1, F» and Fi are given by
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Fiy=1/(X:X.) Fy = 1/(V}Y) Feg = 1/G?

(1.36)
F=1/Xt-1/X. F=1/Y1—1/Y. Fi=-1/FiFp

and X, X, Y:, Y are the tensile and compressive strengths of the composite material in the

fibre and transverse directions, and G is the inplane shear strength.
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1.2 Design optimisation procedures

Researchers and designers use various optimisation techniques to create new methodologies
or to design structures. With the advent of fibre-reinforced laminated composites, these
optimisation techniques have helped engineers minimise the calculation time and simplify
complexity to produce optimal structures. Three of these optimisation techniques are briefly

discussed below.

1.2.1 Minimisation or maximisation of functions

Consider a function f that depends on one or more independent variables [12]. The value
of those variables where f takes on a maximum or a minimum value must then be found.
The value of f that achieves the maximum or minimum can then be calculated. The
computational requirements are to perform the computation quickly and economically and
to use as little memory as possible. Often the computational effort is dominated by the

cost of evaluating f. In such cases it is necessary to evaluate f as few times as possible.

Figure 1-10: Extrema of a function in an interval. Points A, C, and E are local maxima.
Points B and F' are local minima. The global maximum occurs at G, while the global
minimum is at D. Points X, Y, and Z are said to "bracket” the minimum F, since Y is
less than both X and Z.
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An extremum can be either global or local (see Figure 1-10). Finding a global extremum
is often very difficult and two standard heuristics are often used. The first is to find the
local extrema by starting from widely varying values of the independent variables (perhaps
chosen quasi-randomly), and then pick the most extreme of these. The second is to perturb
a local extremum by taking a finite amplitude step away from it, and see if the routine

returns to a better point, or returns to the original point.

1.2.2 Examples of search routines

There are various techniques for finding maxima or minima, including Simulated Annealing,
Linear Programming, Monte Carlo and the Golden Section method. Simulated Annealing
is a relatively new optimisation routine and has solved problems previously thought to
be unsolvable. This routine directly addresses the problem of finding global extrema in
the presence of large numbers of undesired local extrema. Linear Programming is a well
developed area of Constrained Optimisation where both the function to be optimised and

the constraints happen to be linear functions of the independent variables.

The Golden Section method

The Golden Section method is a simple one-dimensional search routine that works as follows
(12): The root is bracketed in an interval (ap,bp). The function is then evaluated at an
intermediate point z, and a new, smaller bracketing interval, either (ap,zp) or (zp,bp) is
obtained. This process continues until the bracketing interval is acceptably small. It is
optimal to choose z, to be the midpoint of (ap,b,) so that the decrease in the interval
length is maximised when the function is as uncooperative as it can be. The position of z,

is found by manipulation and the end result is:

= 0.38197

3-v5
2

28



There is a precise translation of these considerations to the minimisation problem. To
bracket a minimum involves bracketing a pair of points, a, and b, when the function has
opposite sign at these two points, which gives the root of a function. A minimum, by
contrast, is known to be bracketed only when there is a triplet of points, a, < b, < ¢, (or
¢p < bp < ap), such that f(bp) is less than both f(ay) and f(cp). In this case it is known

that the function (if it is nonsingular) has a minimum in the interval (ap, cp).

The analog of bisection is to choose a new point z,, either between a, and b, or between b,
and cp. If the latter choice is made, then f(x,) is evaluated. If f(by) < f(zp), then the new
bracketing triplet of points is (ap, bp, zp); if f(bp) > f(zp), then the new bracketing triplet
is (bp, Zp, ¢p). In all cases the middle point of the new triplet is the abscissa whose ordinate
is the best minimum achieved thus far. The process is continued until the distance between

the two outer points of the triplet is tolerably small.

Genetic Algorithms

Many optimisation problems from the engineering world are very complex in nature and
difficult to solve using conventional optimisation techniques. Since the 1960’s, there has
been an increasing interest in imitating living beings to solve such kinds of difficult optimi-
sation problems. Simulating the natural evolutionary process of nature results in stochastic
optimisation techniques called evolutionary algorithms, which can often outperform con-
ventional optimisation techniques when applied to difficult real-world problems. There
are currently three main avenues of this research: genetic algorithms (GAs), evolutionary
programming (EP), and evolution strategies (ESs). Among them, genetic algorithms are

perhaps the most widely known type of evolutionary algorithms.

Recently, genetic algorithms have received considerable attention regarding their potential
as an optimisation technique for complex problems, including those relating to the design

of fibre-reinforced composite structures {13].

General structure of genetic algorithms The usual form of genetic algorithms was

described by Goldberg [14]. GAs are stochastic search techniques based on the mechanism
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of natural selection and natural genetics [13]. Differing from conventional search techniques,
GAs begin with an initial set of random solutions called a population. Each individual in the
population is called a chromosome, representing a solution to the problem at hand, and is
made up of a string of symbols. The chromosomes evolve through successive iterations, call
generations. During each generation, the chromosomes are evaluated using some measure
of fitness. To create the next generation, new chromosomes, called offspring, are formed by
either i) merging two chromosomes from the current generation using a crossover operator
or ii) modifying a chromosome using a mutation operator. A new generation is formed
by i) selecting, according to the fitness values, some of the parents and offspring and ii)
rejecting others so as to keep the population size constant. Fitter chromosomes have higher
probabilities of being selected. After several generations, the algorithms converge to the best

chromosome, which should represent the optimal or suboptimal solution to the problem.

There are only two kinds of operations in genetic algorithms:

i) Genetic operations: crossover & mutation

il) Evolution operation: selection

The genetic operations mimic the process of heredity of genes to create new offspring at
each generation. The evolution operation mimics the process of Darwinian evolution to

create populations from generation to generation.

Crossover is the main genetic operator. It operates on two chromosomes at a time and
generates offspring by combining both chromosomes’ features. A simple way to achieve
crossover would be to choose a random cut-point and generate the offspring by combining
the segment of one parent to the left of the cut-point with the segment of the other parent
to the right of the cut-point. The performance of genetic algorithms depends, to a real

extent, on the performance of the crossover operator used.

The crossover rate is defined as the ratio of the number of offspring produced in each
generation to the population size. This ratio controls the expected number of chromosomes

to undergo the crossover operation. A higher crossover rate allows exploration of more of
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the solution space and reduces the chances of settling for a false optimum; but if this rate
is too high, it results in the wastage of a lot of computation time in exploring unpromising

regions of the solution space.

Mutation is a background operator which produces spontaneous random changes in various
chromosomes. A simple way to achieve mutation would be to alter one or more genes. In
genetic algorithms, mutation serves the crucial role of either i) replacing the genes lost from
the population during the selection process so that they can be tried in a new context or

ii) providing the genes that were not present in the initial population.

The mutation rate is defined as the percentage of the total number of genes in the pop-
ulation. The mutation rate controls the rate at which new genes are introduced into the
population for trial. If it is too low, many genes that would have been useful are never tried
out; but if it is too high, there will be much random perturbation, the offspring will start
losing their resemblance to the parents, and the algorithm will lose the ability to learn from

the history of the search.

Genetic algorithms differ from conventional optimisation and search procedures in several

fundamental ways. They can be summarised as follows:

i. Genetic algorithms work with a coding of solution set, not the solutions themselves.
ii. Genetic algorithms search from a population of solutions, not a single solution.

ili. Genetic algorithms use payoff information (fitness function), not derivatives or other

auxiliary knowledge.

iv. Genetic algorithms use probabilistic transition rules, not deterministic rules.

Genetic operators Basic operators used to create successive improved populations in-
clude selection, crossover, mutation, and interchange. Typically, two designs selected from
a population are mated to create child designs. In order to ensure that good designs prop-
agate to the child populations, a higher chance to be selected as parents is given to those

designs that are better (viz. have a higher fitness) than the rest of the population. Selection
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is the part of the algorithm that provides better opportunity to good designs by implement-
ing, for example, a roulette wheel which is divided into slices representing different designs.
Those designs with better characteristics are given a proportionally larger slice of the wheel.
When the wheel is spun (simulated by using a random number generator between 0 and
1, where the circumference of the wheel is normalized to be 1), those designs that occupy

larger slices of the wheel have a better chance to be chosen as parent designs.

When maximizing the fitness, this is ideal but minimisation requires inversion of the fitness

parameter.

Crossover operator: Once a pair of parents are selected, the mating of the pair also
involves a random process called crossover. For example, by splicing together the left part
of the string of one parent with the right part of the string of the other parent (ensuring to

keep the orientations and thicknesses separate), two child strings are generated.

Mutation operator: Mutation is implemented by changing, at random and with small
probability, the value of a gene and serves the purposes of avoiding premature loss of di-
versity in the designs. Since inferior designs may have some good traits that can get lost
in the gene pool when these designs are not selected as parents, by introducing occasional
mutations, different portions of the design space can be investigated for valuable informa-

tion.

1.2.3 Multiobjective optimisation

In order to formulate an optimal design when there are several design objectives can pose a
problem. If the objectives oppose each other then the problem becomes one of determining
the ideal design that satisfies the opposing objectives. An optimal design must then be
solved for, taking the multiple objectives and constraints into account. This type of problem

is known as multiobjective optimisation.

By way of example, an engineer may be required to design a beam for minimum deflection
and mass. This is a multiobjective problem with two opposing objectives. That is, an

increase in mass would cause a reduction in deflection [15].
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Problem formulation

A multiobjective design problem is solved in a similar manner to a single-objective problem.
In a single-objective problem the idea is to find a set of values for the design variables that,
when subject to a number of constraints, yield an optimum value of the objective function.
In multiobjective problems, the values for the design variables that simultaneously optimise
the objective functions are to be found. In this manner the solution is chosen from a so-
called Pareto optimal set. For multiobjective problems the optimal solutions obtained by
individual optimisation of the objectives (i.e. single-objective optimisation) is not a feasible

solution to the multiobjective problem.

fz

f

Figure 1-11: Ideal solution (£, f9), obtained via individual minimisation of each function
is not within the feasible region

In a multiobjective problem, a set of values for the design variables which optimise a set of
objective functions is to be found. The set of variables that produces the optimal solution
is designated as the optimal set and is denoted by Z*. The optimal set is referred to as the
Pareto optimal set and yields a set of possible results from which the desired values of the

design variables are chosen.
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Definitions

The initial step in the optimisation process is to formulate the problem. A mathematical
model must be developed that, for all possible situations, will mimic the behavior of the

system.

Design variables are identified as z; (¢ = 1,2,...,n). For example, for the optimisation
of a structure for minimum mass and minimum deflection, the design variables will be as

follows:
T1 = mass
x9 = deflection

The design variables may be modified in order to simplify the problem. These modified
quantities are classified as parameters. In general, the vector of n design variables will be

represented as

S|
z=| (1.37)

T2

The next step in the formulation of the problem is to identify the constraints. Constraints
are conditions which must occur in order for the design to function as intended. For
example, a beam is required to sustain a certain load without failing. Constraints can be

either inequalities, equalities, or both.
Inequality constraints are specified as g () <0 (where g is a vector representing the con-

straints g;, j = 1, ..., J). The standard form of an inequality constraint is

9; (F) <0 forj=1,..,J (1.38)
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Equality constraints are specified as k (Z) =0. In scalar form they can be written as

he(Z)=0 fork=1,..,K (1.39)

The final step in the problem statement is to define the objective functions. These are the

quantities to be optimised and are designated by

f () (1.40)

The functions may be defined so that they are all minimised. This can be done by multi-

plying any objective function which is to be maximised by —1, ie.

max f;(Z) = — min(- f;(Z)) (1.41)

The problem, when written in the standard form, appears as

min {f (z): & (2)=0, 9(z) <0} (1.42)
zeR™
The above notation reads thus: Find the real values of the design variables (ie., they belong
to ™) that result in the smallest values of the objective functions subject to both inequality

and equality constraints.

Definition of a Pareto Optimum

A set of points is said to be Pareto optimal if, in moving from point A to point B in the set,
any improvement in one of the objective functions from its current value causes at least one
other objective function to deteriorate from its current value. From this definition, point

C is not Pareto optimal in Figure 1-12.
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The Pareto optimal set yields an infinite set of solutions, from which the desired solution
can be selected. In most cases, the Pareto optimal set is on the boundary of the feasible

region.

f

Feasible

o

fi

Figure 1-12: Graphical determination of the Pareto optimal

Weighting objectives method

This method takes each objective function and multiplies it by a fraction of one. This
weighting coefficient is represented by (w;) . The summation of the modified functions
create a single cost function, which can be solved using any single objective method. Math-

ematically, the new function can be written as

k
f(@) =3 w;f;(Z) (1.43)
j=1

k
where 0 Sw; <land ) w;=1.
=1
With this method, the weighting coefficients are assumed beforehand. The coefficients are
then varied to yield a set of feasible optima, known as the Pareto optimal set. The values
of the variables are then chosen from this set of solutions. If the problem is convex, then a

complete set of Pareto solutions can be found. However, if the problem is not convex, there

is no guarantee that the method will yield the entire Pareto set.
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Geometrical interpretation of the weighting functions method

Consider the convex space of objective functions for a two-objective optimisation problem.

The problem is as follows

min fi (1.44)

min fo (1.45)

Upon transformation to a weighting objective problem, the above problem becomes

min f = wy fi +wa fo (1.46)

1.2.4 Self-Design optimisation

Self-design research programmes generally deal with two and three-dimensional topological
optimisation issues [16]. Most combine a methodology with finite element analysis, with
the aim usually of adding material where stresses are high, and removing material where
they are low, and work in an iterative manner. Generally, after each iteration, remeshing of
the remaining geometry occurs, in order to ensure the accuracy of the finite element model
and so that the shape becomes clear. All of the studies discussed in the literature deal with
the optimisation of structures composed of isotropic materials, and trials have shown that

large amounts of material can be removed without the structure failing.

The application of self-design methodologies to laminated composite structures is prob-
lematic, due to the orthotropic nature of these materials. The best approach would be to
determine the optimal fibre orientations and laminae thicknesses at each iteration, so that
the directional properties of these materials are optimally utilised, particularly as the shape
(and thus load path) changes. This is difficult when there are several layers and thus many

extra design variables.
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Bull & Pitouras [16] presented a review of the self-design approach on the optimisation of
engineering structures. Other authors discussed issues such as product optimisation [17],
evolutionary material translation as a tool for the design of low mass, low stress structures
[18]. They also discussed the low stress design of welded plates [19] and through depth plate
profiling for reduced stress concentrations [20]. Other research includes that by Reynolds

et al [21) who discussed reverse adaptivity for structural optimisation.
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1.3 The Finite Element Method

1.3.1 Introduction

The finite element method is based on a theory whereby an original body is viewed as an
assembly of discrete building blocks [22]. The application of the method involves dividing
the body into an optimum number of blocks, called elements and using them as basis for
computations. These blocks are considered to be severed from each other and joined only
at specific points, called nodes, forming a network. The number of elements is determined
by two factors: The capabilities of the computer being used, and the desired accuracy of

the results.

The elements that compose the object are of finite size and hence the name of the method
(FEM). The smaller the size, the smaller the errors, and as a result, the solution obtained
comes closer to the true solution. In essence, the finite element method translates a complex

design problem into a system of linear algebraic equations.

Today, the finite element method is indispensable in aircraft, automotive, and other indus-

tries.

Compatibility

Although the basic approach of separating a body into finite elements has been explained,
the continuity of the body’s respbnse must not be forgotten. To prove continuity, a body,
being seen as an assembly of separate elements, contains an assumed existence of forces
acting on the elements through interconnecting joints. To obtain a workable solution, the

following two requirements must be fulfilled:
i. Elements joined by a particular node must have the same displacement at that node.

ii. The interface between two elements is subject to displacements that are functions of the

nodes on the interface, and those nodes only.
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These two requirements are called the compatibility conditions of the finite element model
and provide the mathematical justification of the polynomial relationship, called the shape

function [22].

1.3.2 Convergence requirements

As the finite element method is a numerical technique, a sequence of approximate solutions
is obtained as the element size is successively reduced [23]. This sequence will converge
to the exact solution if the interpolation polynomial satisfies the following convergence

requirements:

i. The field variable must be continuous within the elements. This requirement is easily
satisfied if continuous functions are chosen as interpolation models. Since polynomials are

inherently continuous, they easily satisfy this requirement.

ii. All uniform states of the field variable ¢ and its partial derivatives up to the highest order
appearing in the functional I(¢) must have representation in the interpolation polynomial

when, in the limit, the element size reduces to zero.

iii. The field variable ¢ and its partial derivatives up to one order less than the highest
order derivative appearing in the functional I(¢) must be continuous at element boundaries

or interfaces.

The elements whose interpolation polynomials satisfy the requirements (i) and (iii) are called
compatible or conforming elements and those satisfying condition (ii) are called complete
elements. If the r** derivative of the field variable ¢ is continuous, then ¢ is said to have
C" continuity. In terms of this notation, the completeness requirement implies that ¢ must
have C" continuity within an element, while the compatibility requirement implies that ¢

must have C™! continuity at element interfaces.

In the case of general solid and structural mechanics problems, this requirement implies
that the element must deform without causing openings, overlaps or discontinuities between

adjacent elements. In the case of beam, plate and shell elements, the first derivatives of the

40



displacement across interelement boundaries must also be continuous.

If the interpolation polynomial satisfies all three requirements, the approximate solution
converges to the correct solution when the mesh is refined and an increasing number of
smaller elements are used. In order to prove the convergence mathematically, the mesh

refinement has to be made in a regular fashion so as to satisfy the following conditions:
i. All previous (coarse) meshes must be contained in the refined meshes;

ii. The elements must be made smaller in such a way that every point of the solution region

can always be within an element, and

iii. The form of the interpolation polynomial must remain unchanged during the process of

mesh refinement.

C

(a) ldealisation with 2 elements (b) Idealisation with B8 elements

H

C
(¢) Idealisation with 32 elements

Figure 1-13: All previous meshes contained in refined meshes

Conditions (i) and (ii) are illustrated in Figure 1-13, where a two-dimensional region is

discretised with increasing number of triangular elements. From Figure 1-14, where the
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solution region is assumed to have a curved boundary, it can be seen that conditions (i) and
(ii) are not satisfied if elements with straight boundaries are used. In structural problems,
interpolation polynomials satisfying all the convergence requirements always lead to the
convergence of the displacement solution from below, while nonconforming elements may

converge either from below or from above.

(a) ldealisation with 6 elements (b) Idealisation with 12 elements

Figure 1-14: Previous mesh is not contained in the refined mesh

1.3.3 Two-dimensional (Quadrilateral) element

Natural coordinates

For the local 7, s (natural) coordinate system (Figure 1-15), the origin is taken as the
intersection of lines joining the midpoints of opposite sides and the sides are defined by
r = £1 and s = £1. The natural and Cartesian coordinates are related by the following

equation [23]:
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Figure 1-15: Natural coordinates for a quadrilateral element
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where (z;, y;) are the (z, y) coordinates of node 7 (i = 1,2,3,4),

N; = %(1 +rr)(1+ss);  1=1,2,3,4 (1.48)

and the natural coordinates of the four nodes of the quadrilateral are given by:

(r1,81) = (—=1,-1) (re,s2) =(1,-1)
(r3,s3) = (1,1) (ra,84) = (—1,1)

(1.49)

If ¢ is a function of the natural coordinates r and s, its derivatives with respect to z and y
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can be obtained as:

z _ - r
et (1.50)
Oy Os

where [J] is a 2 x 2 matrix, called the Jacobian matrix, given by:

9z Oy
[J] — or Or
9z 9y
ds Os (1'51)
] —1=s) (-5 (I+s) —(1+5s)
— 1
—1l-7) —=(Q+r) A+7r) (@Q-7)
The integration of functions of r and s has to be performed numerically with:
dA =dz dy =det[J]-dr ds (1.52)

and the limits of both r and s will be -1 and 1.

Linear element
For a quadrilateral element, it is not possible to have linear variation of the field variable

(in terms of two independent coordinates) if one degree of freedom is chosen at each of the

corner nodes. Hence the interpolation model is taken as:

b (@) = [N] 3= [Ny Ny Ny Ny 3 (153)

where

N;=(1 +Tn~) (1+ ss;) /4, 1=1,2,3,4 (154)

and
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20_) % _ )o@y | _ ) dbetr=1s=-1) (1.55)
@3 ¢ (3,93) dplatr=1,s=1)
®q ) | ¢ (z4,y4) | | platr=-1,5=1) |

The nodal shape functions represented by Eqn. (1.54) are shown in Figure 1-16. It can be
seen that the variation of the field variable along the edges of the quadrilateral is linear.

This element is called a linear element.

N, =(1-r)(1-s)/4
/ 4

1T—|

L_l

Figure 1-16: Linear interpolation functions (4 nodes) for a quadrilateral element

1.3.4 Two-dimensional (Rectangular) elements using classical interpola-

tion polynomials
Using Lagrange interpolation polynomials

The Lagrange interpolation polynomials defined in Eqn. (1.56) for one-dimensional prob-
lems can be used to construct interpolation functions for two or higher dimensional problems

[23]:

Cn (@mw) | (E-z)@=m) (@ me) (€ = Ten) - (£ = 2)
L@ = L ooz ~ (o = 20) (@ —71) (@ = Tooa) (@5 — Zhar) (@ — 2)

(1.56)
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For example, in two-dimensions, the product of Lagrange interpolation polynomials in z and
y directions can be used to represent the interpolation functions of a rectangular element

as (see Figure 1-17):

—-)(e) _,(e)
¢(r,s) =[N]® [N1 N2 N3 Ny| & (1.57)
where
Ni(r,s) = Li(r) - Li (5); 1=1,2,3,4 (1.58)
and
( y (@) ( \ ()
@, p(r=-1,s=-1)
e | @ r=1s=-1
FAu R S ) (1.59)
®3 p(r=1,s=1)
\ @4 J \ ¢(T=_1’S=1)

L;(r) and L; (s) denote interpolation polynomials in 7 and s directions corresponding to

node i and are defined, with reference to Figure 1-17, as:

T — 79 T—T T — T4 r—r3

() = T L) = o Ls(r) = o La(r) = o (160)
S — 84 S — 83 s — 89 $§—8

La(s) = $1— 84’ La(s) = 52— 83’ La(s) = 3 — 52’ Lals) = S4— 81

The nodal interpolation functions N; given by Eqn. (1.58) are called bilinear since they

are defined as products of two linear functions.

46



y S‘(”;%y%
4(_l’l)| 3
(1,1)
oo | —ore(5)
b %
(-1-) el a %0 1)
ol X

Figure 1-17: Location of nodes in rectangular elements

1.3.5 Continuity conditions

The interpolation model assumed for the field variable ¢ has to satisfy the following condi-

tions [23]:

i. It has to be continuous inside and between the elements up to order » — 1 where r is the
order of the highest derivative in the functional I. For example, if the governing differential
equation is quasi-harmonic, ¢ has to be continuous (i.e. C° continuity is required). On the
other hand, if the governing differential equation is biharmonic (V4¢ = 0), ¢ as well as its
derivative (8¢/0n) has to be continuous inside and between elements (i.e. C* continuity is
required). The continuity of the higher order derivatives associated with the free or natural
boundary conditions need not be imposed as their eventual satisfaction is implied in the

variational statement of the problem.

ii. As the size of the elements decreases, the derivatives appearing in the functional of the
variational statement will tend to have constant values. Thus, it is necessary to include

terms which represent these conditions in the interpolation model of ¢.

For elements requiring C° continuity (i.e. continuity of only the field variable ¢ at element
interfaces), the nodal values of ¢ are taken only as the degrees of freedom. To satisfy the
interelement continuity condition, the number of nodes along the side of the element (and

hence the number of nodal values of ¢) are taken to be sufficient to determine the variation
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of ¢ along that side uniquely. Thus if a cubic interpolation model is assumed within the
element and retains its cubic behaviour along the element sides, then four nodes are taken

along each side.

It can be observed that the number of elements capable of satisfying C° continuity is
infinite. This is because nodes and degrees of freedom to the elements can be added to
form ever increasing higher order elements. All such elements will satisfy the C° continuity.
In general, higher order elements can be derived by increasing the number of nodes and
hence the nodal degrees of freedom and assuming a higher order interpolation model for the
field variable ¢. Due to this, a smaller number of higher order elements yield more accurate

results compared to larger number of simpler elements for the same overall effort.

Elements with C° continuity

The above quadrilateral element considers only the nodal values of ¢ as the degrees of free-
dom and satisfy C° continuity. If the nodal interpolation functions for rectangular elements
are defined by products of Lagrange interpolation polynomials, then the C° continuity is

satisfied.

Elements with C! continuity

The construction of elements that satisfy C! continuity of the field variable ¢ is much more
difficult than constructing elements for C° continuity. To satisfy the C! continuity, the
continuity of ¢ as well as its normal derivative d¢/9n along the element boundaries must

be ensured.

For two-dimensional elements, it must be ensured that ¢ and d¢/On are specified uniquely
along an element boundary by the nodal degrees of freedom associated with the nodes of
that particular boundary. The rectangular element considered in Figure 1-18 considers ¢,

0¢/0x, O¢/0y, and 8%¢/dx0y as nodal degrees of freedom and satisfies the C! continuity.
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Figure 1-18: Rectangular element with 16 degrees of freedom

1.3.6 Finite elements for plates and shells

A plate is a thin solid and might be modelled using 3D elements (see Figure 1-19(a))
[6]. But a solid element is wasteful of d.o.f., as it computes transverse normal stress and
transverse shear stresses, all of which are considered negligible in a thin plate. Also, thin
3D elements invite troubles produced by ill-conditioning because stiffness associated with
thickness-direction €, is very much larger than other stiffnesses. The plate element in
Figure 1-19(b) has half as many d.o.f. as the comparable solid element and omits ¢, from
its formulation. In sketches, thickness ¢ may appear to be zero (Figure 1-19(b)), but the

physically correct value is used in formulating element stiffness matrices.

A plane element must be able to display states of constant o, oy and T4y if it is to pass
patch tests. A plate element must be able to display these states in each z = constant layer,
which means that a valid plate element must pass patch tests for states of constant M,
My, and M,,. Figure 1-20 depicts a patch test for constant M, which requires constant
08, /0z in Mindlin theory if the test is to be passed. If v # 0, rotations about the = axis
must be prevented at nodes 1, 3, 4, 6, and 7 in Figure 1-20.

Although Cartesian coordinates are used in this discussion, this is not a limitation of plate

theory or of FE theory. Classical plate theory uses polar coordinates for circular plates.
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Figure 1-19: (a) A 3D solid element. (b) The comparable plate element. (c) Plate d.o.f. at
a typical node %, viewed normal to the zy plane
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Figure 1-20: A patch test for constant curvature (or for constant M,). Nodal moment loads
are Mg = My = MyL,/2.

In FE analysis, a circular plate can be modelled by shell of revolution elements, simply by
making shell elements flat rather than cylindrical or conical. Each such element is thus a

flat annular ring, joined to adjacent annular elements at its inner and outer radii.

1.3.7 Mindlin plate elements
A Mindlin element is based on three fields [6]: w = w(z,y), 6; = 8z(x,y), and 8, = O,(z,y).

Each is interpolated from nodal values. If all interpolations use the same polynomial, then

for an element of n nodes,
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w . N; 0 O w;
6, (=)_|0 Ni 0 0, »=Nd (1.61)
o, | T 1o o |6y
1 1
Nio= 21-00-n) N=;0+H0-n) (1.62)
Ny = ;460 +m) Ny=7(1-81+n)

From Eqns 1.17 and 1.61 a strain-displacement matrix B can be formed. In the stiffness
matrix formula, k = [BTEBdv, E is a 5 by 5 matrix that includes the 3 by 3 E of plane
stress and also shear moduli associated with the two transverse shear strains. Integration
of BTEB with respect to z is done explicitly. Integration in the plane of the element is

done numerically if the element is isoparametric.

The N; are given by Eqn. 1.62 for a four-node quadrilateral element. In any z = constant
layer, strains vary in the same way as in the corresponding plane element provided that all
terms of the integrand are integrated by the same quadratic rule. This is not usually done,

for reasons discussed below.

Consider the bending mode shown in Figure 1-21. Element strains e; are independent of
z, therefore, any order of quadrature will report the same strain energy for pure bending.
However, this element displays spurious shear strain. If a/t is large, transverse shear strain
v, becomes large and the element is too stiff in bending, unless 7,, is evaluated at = 0,
where 7y, vanishes. But one-point quadrature for all strains would introduce four instability
modes. This observation suggests ”selective” integration, in which one-point quadrature is
applied to bending terms. Then two instability modes remain. They may be controlled by

"stabilisation” matrices. Calculated stresses are usually most accurate at Gauss points.

51



y y
) a a , ) a a ,
- | | |
Mx‘ X 11\4 MJ —=x ‘M
Z Z

Figure 1-21: A bending deformation in a four-node Mindlin plate element. (a) Four-point
integration rule. (b) One-point integration rule.

1.3.8 Elements used for composite laminate analysis

The layered nature of laminates means that only certain types of elements can be used
efficiently within the FEM. It would, in theory, be possible to stack three-dimensional solid
elements with one layer of solids representing a laminate ply. This is impractical for two
reasons. It would be expensive to run such a model if the layup had more than a few plies
and a real structure was being represented. In addition, layering solid elements through
the thickness of relatively thin plates leads to ill-conditioned sets of equations. For these
reasons solids tend to be used either where the layup is very thick or the geometry is more
solid than plate-like, or where there is a three-dimensional field in the material, as can
occur at the free edges of plates. In the latter case the 3D nature of the stress field is only
significant over a short length, typically 3-5 thicknesses, and a small 3D sub-model of the

region can be used [6].

Figure (1-22) shows a typical four node quadrilateral flat plate element with only inplane
displacements. Such elements are widely used in composite analysis for modelling the

inplane behaviour of flat plates. However, care must be taken to ensure that both the
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stresses and the displacements are zero out of the element’s plane, otherwise the model is
not valid. With layered composites this depends upon the orientation of the plies. If the

layup is not balanced then this 2D element cannot be used.
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Figure 1-22: A bilinear quadrilateral and its eight nodal degrees of freedom

In practice it is more usual to employ a plate or shell element. The shell is modelled
in terms of its mid-surface plane rather than the complete volume. The standard bending
theory assumption that the strains only have a combination of constant and linear variation
through the thickness of the shell is then used. This means that the deformation of the
shell can then be defined by stretching (for the constant strain components) and rotation

(for the linear strain components) of the shell’s mid-thickness surface.

Both the two-dimensional solid and the general plate element can occur as quadrilaterals

or triangles. They all have nodes at the corners of the element.

Provided that the shell is thin, then shell theory gives a good description of its behaviour.
It is assumed that there is no stress or strain in the direction normal to the plane of the
mid-surface. With this idealised behaviour it is only necessary to define displacements
and rotations as the degrees of freedom on the element mid-surface plane. However, if
Kirchhoff thin shell theory is used it is found to be very difficult to derive finite elements for

other than very simple (rectangular) geometries. This arises from the need to differentiate
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the transverse displacements twice to derive the bending strains. Definition of the shape
functions and determination of the Jacobian matrix for arbitrary shaped elements has not
proven to be simple in such cases. Instead, other shell theories have been used, typically the
Mindlin theory [6]. These allow for transverse shear strains to occur so that the bending

strains take the form:

/

Eglyl = % + z/%-e—az_lli (1.63)
where the ”prime” denotes that these are coordinates and displacements in local coordinates
in the plane and normal to the mid-thickness surface. There are other similar terms for
the other bending strains. This definition of strain only requires first derivatives to be
found, which greatly simplifies the determination of the Jacobian matrix. In addition, the
formulation allows for the transverse displacements w’ and the rotations 8,/ and 6, to be
interpolated independently of each other. It is this which greatly simplifies the definition

of the shape functions. Standard shape functions of the form:

w1

r_ w2
w = [N1N2N3...Nm] (164)

W

and

9:1:1

9:1:2
8z = [NyN3N3...Npn) (1.65)

e:cm

can be used, where the shape function for the i** node, N;, is the standard simple form

used for many 2D membrane plate and solid elements.
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The Mindlin theory allows shear strains to occur and so these must also be included in the

element behaviour and take the typical form (constant through the thickness):

ow'’
Eqt = % + le (166)
In reality the transverse strains cannot be constant through the thickness since they must be
zero on the top and bottom faces of the plate, and they will generally vary in some parabolic
form through the thickness. The transverse shears in the Mindlin theory therefore represent

average through-thickness values. For thin plates the consequence of the variation through

the thickness is second order and this average value is quite sufficient for good accuracy.
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1.4 Design optimisation of laminated composites

An advantage of FRC materials over conventional ones is the possibility of tailoring their
properties to the specific requirements of a given application. The tailoring is mostly
achieved by maximising the mechanical properties as a result of selecting the layer fibre

angles optimally.

1.4.1 The optimal design of laminated plates

Various researchers have studied the effect of sandwich panels and the optimisation of
sandwich structures. For example, the inplane load carrying capacity of laminates can
be enhanced via sandwich construction [24], [25]. Muc and Zuchara [26] discussed thin-
walled sandwich plates having laminated composite faces, isotropic cores, and subjected to
an axial compression. They discussed the 2-D geometrically nonlinear formulation of the
governing equations with the use of the Hamilton and Lagrangian variational principles.
This work allowed the authors to compare and verify values of the buckling loads with the
use of different variants of sandwich plate theory. The analytical results that were obtained
were confronted with finite element computations. The problems of local failure damage
of sandwiches based on 3-D finite element analysis were also considered. The aim of their
investigations was to study the effects of the normal stresses and their influence on sandwich

behaviour.

Anisotropic facesheets affect the buckling properties of sandwiches [27]. It appears that
only a few researchers have studied the optimisation of composite sandwich panels under
buckling loads. Moh and Hwu [28], for example, examined composite plates with balanced
or unbalanced anisotropic laminated faces and an ideally orthotropic core. A closed-form
solution of the buckling load was derived for the sandwich plates consisting of cross-ply
symmetric laminated faces with all edges simply supported. In addition, a general scheme
was developed for the composite sandwich plates with arbitrary layups, boundary and
loading conditions. They combined their buckling analysis with Powell’s conjugate direc-

tion method, and established an optimal algorithm to find the optimal sandwich layup
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for resisting biaxial compression and inplane shear loads. Rikards et al [29] examined the
benefit of selecting the fibre angles of the skins optimally. Walker et al [30] discussed the
optimisation of symmetric laminates for maximum buckling load including the effects of
bending-twisting coupling. Here, optimal designs of symmetrically laminated rectangular
plates subjected to a combination of boundary conditions was discussed to maximise the

biaxial buckling load.

Researchers have investigated the design of composite structures for minimum mass, deflec-
tion, cost or a combination of these three factors. Lucoshevichyus [31] minimised the mass
of rectangular plates under bi-directional compression for stability. Shin et al [32] investi-
gated the design optimisation of plates for postbuckling performance. Vinson & Shore [33]
presented a method for mass optimisation of flat truss-core sandwich panels under lateral
loads. Adali et al [34] minimised the mass of symmetric angle-ply laminates under multiple
uncertain loads. Quian et al [35] discussed the maximum stiffness design of rectangular
symmetric angle-ply laminates. Kam & Chang [36) researched the optimum layup of thick
symmetric and antisymmetric laminates for maximum stiffness. Walker et al [37] optimally
designed symmetrically laminated plates for minimum deflection and weight. In this paper
they used the finite element method using Mindlin plate theory in conjunction with an op-
timisation routine to obtain optimal designs of symmetrically laminates plates. Adali et al
[24] minimised both the mass and deflection of thick sandwich laminates via symbolic com-
putation. Adali et al [38] investigated the optimal design of hybrid laminates with discrete
ply angles for maximum buckling load and minimum cost. Adali & Verijenko [39] presented
a minimum cost design for hybrid composite cylinders with temperature dependent prop-
erties. Walker et al [40] discussed a procedure to select the best material combinations and

optimally design hybrid composite plates for minimum mass and cost.

Some researchers have reported the use of genetic algorithms to find the minimum weight of
a structure. For example, Walker & Wilson [41] combined the finite element method with
a GA to optimise laminated structures for maximum rigidity and minimum weight. Kogiso
et al [42] presented research on genetic algorithms with local improvement for composite
laminate design, while Sivakumar {43 optimised the design of laminated composite plates

with cutouts using a genetic algorithm. Nagendra used an improved genetic algorithm for
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the design of stiffened composite panels and Haftka & Walsh [44] optimised the stacking
sequence for the buckling of laminated plates using integer programming. Nagendra et al
[45] optimised the stacking sequence of simply supported laminates with stability and strain
constraints. Sadagopan & Pitchumani [46] discussed the application of GAs for the optimal
tailoring of composite materials, while Crossley et al [47] used the two-branch tournament
GA for multiobjective design. Some researchers applied optimisation techniques to practi-
cal problems. Obayashi et al [48] used a multiobjective GA for the multidisciplinary design
of a transonic wing planform. Rudenko et al [49] used a multiobjective evolutionary algo-
rithm for car front end design. Coello Coello et al [50] used a new GA-based optimisation

technique for the design of robot arms.

Adali et al [51] used multiobjective optimisation of laminated plates for maximum pre-
buckling, buckling and postbuckling strength using continuous and discrete ply angles.
The method of solution involves defining a design index made up of a weighted average
of the objective functions, and then selecting the candidate configurations that need to be
optimised. Once this is done, the best stacking sequence is determined. Kumar & Tauchert
[52] discussed the multiobjective design of symmetrically laminated plates. Soremekun et
al [53] discussed the stacking sequence design of composite laminates. Park et al [54] and
Chen & Karunaratne [55] discussed the stacking sequence design of composite laminates
for maximum strength, and the optimum stacking sequence of composite laminates, respec-

tively.

1.4.2 The optimal design of laminated cylindrical shells

The optimal design of cylindrical composite shells has been considered by several authors.
Optimisation of the stress—strain state of a thick—walled pipe on the basis of Young’s mod-
ulus of the material was carried out by Kalinnikov & Korlyakov [56]. Walker [57] minimised
the mass of composite hybrid shells via symbolic computation and Belingardi et al [58] stud-
ied optimisation of orthotropic multilayer cylinders and rotating disks using a maximum
stress failure criterion. An analytical approach for predicting the probabilistic ultimate

strength after initial failure of carbon fibre helical-wound cylinders under internal pressure
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was used by Uemura & Fukunaga [59], while Fukunaga & Tsu-Wei Chou [60] considered the
use of simultaneous failure and also optimum design of graphite/epoxy laminated composite
pressure vessels under stiffness and strength constraints based upon membrane theory [61].
An analysis based on membrane theory of shells of laminated cylindrical pressure vessels
subject to strength criterion was also carried out by Adali et al [62]. An efficient design
method for thick composite cylinders was presented by Roy & Tsai [63] and Byon [64]
optimised hybrid thick-walled cylindrical shells under external pressure by using a genetic

algorithm.

Not much research has been carried out on the torsional effects of cylindrical shells in the
design field. Walker et al [65] used multiobjective design to optimise laminated cylindri-
cal shells for maximum torsional and axial loads. Gubran et al [66] discussed the stresses
developed in composite shafts which were subjected to unbalanced excitations and trans-
mitted torques while Laksimi & Benzeggagh [67]considered the application of the Tsai-Wu

criterion for both notched and unnotched composite laminates under torque loading.

Tabakov [68] used a multi-dimensional design optimisation of laminated structures using an
improved genetic algorithm. This study demonstrated a new variation of the GA technique,
where the proposed selection of the best individuals makes the search more effective for
both continuous and discrete design variables. The evaluation of the burst pressure of thick
composite pressure vessels based on three-dimensional stress-strain analysis is used as an
example. Adali et al [69] discussed the multiobjective design of laminated cylindrical shells

for maximum pressure and buckling load.

99



Chapter 2

Optimal design problems and

solution procedures

2.1 Problem 1: Design of fibre-reinforced laminated compos-
ite structures for a maximum combination of torque and

inplane load

A procedure to select the optimal fibre orientations and determine the maximum load carry-
ing capacity of symmetrically laminated fibre-reinforced composite structures is described.
Cylindrical shells subject to combinations of torque and inplane forces are used to illus-
trate the methodology and are optimally designed for maximum strength. Torque tubes
are generally used as control mechanisms, for example, in the tail fins of aircraft. The finite
element method, based on Mindlin plate and shell theory, is used in this application in
conjunction with an optimisation routine in order to obtain the optimal designs. The FEM
is used here as it takes the effects of bending-twisting coupling, etc. into account. The
methodology consists of two stages; the objective of the first is to maximise the strength of
the cylindrical shells by determining the fibre orientations optimally while the objective of
the second stage is to maximise the inplane compression loading subject to a failure crite-

rion. The effect of different shell aspect ratios, wall thickness, layer numbers and boundary
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conditions on the results is investigated.

2.1.1 Optimal design problem formulation

The objective of the design problem is first to design for maximum strength by selecting
the fibre orientations optimally and then to determine the maximum inplane load that the
optimised design can sustain. The strength of the shell is reflected by the value of a failure
index F; viz. the lower the failure index, the stronger the shell for a given load scenario. A
minimum failure index is achieved by optimally determining the fibre orientations given by
6 = (—1)5*10 for k < K/2 and ), = (—1)%0 for k > K/2 + 1. The first part of the design
problem may thus be stated as [70]:

Froin = min [Fnax (6)], 0° < 6 < 90° (2.1)

where

Fiax (0) = max F (z,¢,7) (2.2)

z7¢’7‘

The second part of the design problem involves determining Ppax subject to the same failure

criterion. In this study, the Tsai-Wu failure criterion is used.

The second part of the problem may thus be stated as

Foin = r%in F(Oopt) (2.3)
subject to the constraints of Eqn. 1.35, which is evaluated for all plies.

The failure index F' is determined from the finite element solution of the problem given
by Eqn. 2.10. The first optimisation procedure involves the stages of determining the
maximum failure index Fnax(z,@,7) for a given 6 (using Eqn. 1.35) and improving the
fibre orientation to minimise Fin,x. The second optimisation stage involves evaluating F' (9)
for a given P and improving the inplane load to maximise P. This step may be described

explicitly as
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min| F(0opr) — 11 (2.4)

in order to maximise the inplane load. Thus the computational solution consists of suc-
cessive stages of analysis and optimisation until a convergence is obtained and the optimal
angle op; and then Prax is determined within a specified accuracy. In both optimisation
stages, the Golden Section method is employed (although any optimisation technique may

be used), first to determine 6,,; and then Prax.

2.1.2 Finite element formulation

The finite element formulation [73] of the problem (based on Mindlin type theory) is con-
sidered, although any suitable formulation can be substituted. Consider a finite element
formulation of the problem. Let the region S of the shell (see Figure 1-8) be divided into n
sub-regions S, (Sr € S;r =1,2,...,n) such that

n
M(u) = > T (u) (2.5)
r=1
where IT and IT5" are potential energies of the shell and the element, respectively, and u is the

displacement vector. Using the same shape functions associated with node j (j = 1,2, ...,n),

S;(z,y), for interpolating the variables in each element, it can be written that:

n

w= Y 8;(6,7)u (2.6)

=1

where u; is the value of the displacement vector corresponding to node j, and is given by
u={u®, 00,0, ¢ gINT (2.7)

The displacements {u,v,w, ¢;, #,} are approximated as:

u= Zujwj(qS, ), V= Zvﬂlij(¢, T), w= Z’%‘%’(d% ) (2.8)
7=1
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¢1 = ZS;¢J(¢)T) ) ¢2 = ESJQQp]((j}aT)
j=1 j=1
where 1, are Lagrange family of interpolation functions. From the equilibrium equations
of the first order theory, and Eqn. 2.8, the finite element model of the first-order theory is
obtained:
5 n
SOS KA -Fr=0, (a=1,2,..,5) (2.9)
B=1j=1

or

[K{A} - {F} = {0} (2.10)

where K and F' are the stiffness and force coefficients respectively, and the variable A

denotes the nodal values of w and its derivatives.
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2.2 Problem 2: The optimisation of laminated composite
structures for minimum mass using the finite element

method and genetic algorithms

A technique for using GAs together with finite element analysis to minimise the mass of
fibre-reinforced symmetrically laminated structures with several discrete design variables is
described. The design constraint implemented here is based on the Tsai-Wu failure criterion,
although any suitable failure criterion can be implemented. Rectangular plates are used
to demonstrate the method, have eight layers, and are symmetric about the midplane.
Thus, the four fibre orientations and laminae thicknesses are to be determined optimally.
To determine the best configuration, optimal ply angles for each layer are selected from
amongst a predefined set of fibre orientations, commonly used in industry. This approach
leads to cost-effective (and easier to construct) designs by virtue of allowing the use of
standard composite plies. The most common orientations are 0%, £30°, £45°, £60°and
90° which are the ones used in the present study. Also, the laminae thicknesses must be
multiples of a standard ply, thickness; eg. 0.001m. Previous work on discrete optimisation

of composite laminates include Ref. [33], [43], [44] and [64].

2.2.1 Optimal design problem formulation

The objective of the design problem is to minimise the mass W of the laminated structure,
subject to a failure criterion. Here a rectangular plate under a transverse bending load
g(z,y) is used to illustrate the methodology. The minimum mass is achieved by optimally
determining the fibre orientations and the laminae thicknesses, given by [81/62/... /6; ||

t1/ta/... /ti]s. Thus, the design problem may thus be stated as [71]):

>

Wanin = min [W(6;,1:)], 0; € (0°,£30°, £45°, £60°,90°), i =1,2,..., K (2.11)
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where the thickness of each layer must be a multiple of a minimum feasible dimension.
For example, if a standard ply thickness is 0.001m, then each individual layer should have

thickness 0.001k, where k € Z (and Z # 0).

Here, the mass is determined from the finite element solution of the problem given by Eqn.
2.10, and is used as the fitness parameter P by the GA. In addition, any laminate that does
not comply with the failure criterion of choice is rejected, and no further breeding with it

takes place. In this study, the Tsai-Wu failure criterion is used.

Finally, it is important to note that when alternative designs had equal mass, the best was

that with the lowest failure index.

Many researchers have done similar work in this area, but the optimisation of laminate
structures for minimum mass using genetic algorithms has not yet been performed using

the finite element method in this way [72].
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2.3 Problem 3: The multiobjective optimisation of lami-
nated composite structures for both minimum mass and
deflection using the finite element method and genetic

algorithms

This work is a continuation of Problem 2. A technique for using GAs together with finite
element analysis to minimise both the mass and deflection of fibre-reinforced symmetrically
laminated structures with several discrete design variables is presented. The design con-
straint implemented is based on the Tsai-Wu failure criterion, although any suitable failure
criterion can be implemented. Rectangular plates subject to transverse bending loads are
used to demonstrate the method, have eight layers, and are symmetric about the midplane.
Thus, the four fibre orientations and laminae thicknesses are to be determined optimally.
To determine the best configuration, optimal ply angles for each layer are selected from
amongst a predefined set of fibre orientations, commonly used in industry. This approach
leads to cost-effective designs by virtue of allowing the use of standard composite plies. The
most common orientations are 0°, £30°, £45°, £60°and 90° which are the ones used in the
present study. Also, the laminae thicknesses must be multiples of a standard ply, thickness;

eg. 0.001m.

2.3.1 Optimal design problem formulation

The objective of the design problem is to minimise a weighted sum, P, of the mass W and
deflection w of the laminated structure, subject to a failure criterion. The minimum value of
P is achieved by optimally determining the fibre orientations and the laminae thicknesses,

given by [01/602/.../6: || t1/t2/.../ti]s. Thus, the design problem may thus be stated as [74]:

min [P(0;, )], 0; € (0°,4£30°, £45°, +60°,90%), i = 1,2,..., K (2.12)
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The value of P is normalised by introducing the following non-dimensionalised quantities:

W* = W/Wp; w* =w/wp (2.13)

for mass and deflection. In Eqn. 2.13 the subscript '0’ denotes the values of W and w for

a [0° || 0.00075]g laminate.

Thus
P(6;,t;) = iy W* + pow* (2.14)

with py,ue > 0, g + g = 1. As the weighting factors p; are varied, the emphasis of the
optimisation is shifted among various objectives resulting in compromise solutions. The
single objective designs can be obtained as special cases by setting 1y = 1, 4y = 0, etc. The
thickness of each layer must be a multiple of a minimum feasible dimension. For example, if
a standard ply thickness is 0.001m, then each individual layer should have thickness 0.001k,
where k € Z (and Z # 0).

Here, the mass and deflection is determined from the finite element solution of the problem
given by Eqn. 2.10, and is used to determine the value of the fitness parameter by the GA.

In this study, the Tsai-Wu failure criterion is used.
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2.4 Problem 4: A simple self-design methodology for lami-

nated composite structures for minimum mass

This research presents a very simple self-design methodology for laminated composite struc-
tures, subject to any type of loading and boundary conditions, which works in conjunction
with the finite element method. Remeshing during each iteration is not carried out, and the
original laminae fibre orientations and thicknesses remain constant (for simplicity). Two
test cases involving plates are used to illustrate the methodology, and it is shown that large
mass savings are possible without affecting the integrity of the structure. In addition, it is

also shown that remeshing is unnecessary.

2.4.1 Optimal design problem formulation

The objective of the design problem is to minimise the mass of a laminated plate by reducing
the area without affecting the integrity in terms of the boundary conditions and applied
loads. A failure criterion is used as the constraint. The plate is modelled using the finite
element method with an appropriate laminate shell and plate element. After carrying out
the finite element analysis, the element with the least stress (viz. lowest failure index F)
is removed and the analysis is re-run. If the maximum plate failure index is not critical,
another may be removed. If it is, the element is replaced. The process is repeated until all
the elements that can be removed without affecting the integrity are deleted. In addition,
connectivity is checked at each step to ensure that ’islands’ of elements never result [75],

[76).

Self-design algorithm

Overview - The first step of the process is to create a finite element model of the laminated
composite plate or shell. The algorithm is then employed, which executes the FEA. If the
maximum value of the failure index throughout the structure is less than one, it then finds

the element with the least failure index (see Figure 2-1). If any of that element’s nodes are
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associated with loads or boundary conditions, the element may only be removed if that node
will not be affected by the removal of the element in question. In addition, connectivity
is also checked (see the next section). If appropriate, the element is then deleted, and the
model re-analysed. If the maximum value of the failure index throughout the structure is
equal to or greater than one, the element that has just been deleted is replaced, and the

element with the next lowest value of F' is checked in the same way.

1
Analyse model &

determine lowest K

F<1 Fx1

Have all deletable

elements been
deleted?

—

If an element has jug
been deleted, replac
it and analyse mode

W

No Yes

Select element with
lowest F

Check connectivity,
and for boundary =
conditions and loads

OK Fail

1 1
——{ Delete element] | Select element wit

next lowest F

Figure 2-1: Flow diagram of self-design procedure

Although simplistic, the algorithm generally works well. Nonetheless, it has been found
that in cases where the shape of the structure or the loading is complex, better results (ie.
a lower final mass) can sometimes be found manually using different approaches, but this

can be extremely tedious, particularly when the element density is high.
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Connectivity - An important part of this methodology is the connectivity checking of the
elements. At no stage during the deletion process may any of the elements become detached
from the structure, to form ’islands’. This is done by checking that there is always a
path running through all the nodes. Once an element is selected for possible deletion, the
connectivity check is executed. If, at any stage, a path through the elements might be

broken, the element in question is neglected and another possible candidate evaluated.
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2.5 Problem 5: The optimal design of composite sandwich
panels for minimum cost via the selection of the best

material combinations

A procedure to select the best material combination and optimally design sandwich lami-
nates with fibre-reinforced skins and low density cores for minimum cost is described. In
this study, the optimal material combination with least cost is determined by admitting
different candidates into the design space. This space consists of three continuous variables,
viz. the skin fibre angle, and the layer thickness of the skins and core. There is also one
discrete variable in the design space; the material combination. The plates are optimised
for minimum cost subject to a minimum buckling load and maximum mass constraint. An
optimisation procedure with two stages is devised that leads to an optimal design that is
chosen from amongst the candidate designs. It should be noted that classical plate theory
is used for simplicity, since the focus of this study is an optimisation methodology, and the
means by which candidate fitness is assessed is irrelevant here. If more accuracy is desired,
a formulation such as that of Reissner - Mindlin should be substituted. It should also be
noted that the Love-Kirchhoff hypothesis is implemented here, even though the sandwich
cylinders have shear-deformable cores, because it was found in this application that the
effect on the results was negligible. A more accurate theory can easily be substituted into

the procedure described.

2.5.1 Basic equations

Consider a rectangular sandwich panel with orthotropic FRC skins of thickness t, and core
thickness t., as shown in Figure 2-2. The plate lies in the Cartesian z - y plane, and has
dimensions of length a, width b and total thickness ¢t. The fibre angle of the skin layers
is given by 6s;. The coordinate system z,y,2z is located in the midplane, and the plate is
subjected to compressive forces N, in the x direction, and Ny in the y direction with the
load-ratio defined as A = N,/N;. The skin laminae are symmetric with respect to the

midplane and the plate is simply supported at all edges.
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Figure 2-2: Geometry and loading of sandwich panel

The thickness of a sandwich panel is given by ¢ = 2t5+t., the mass by W = ab(2tsp,+tcp.),
and the cost C = ab(2tsp,Ps + tcp.Pe) where P; is the cost per unit mass of the skin and

core materials.

2.5.2 Optimal design problem formulation

For a particular buckling load capacity and mass requirement, together with a choice of
skin and core material combinations that results in I candidates, the design optimisation

procedure consists of two steps [77]:

Step 1. For each candidate, determine the skin fibre angle 5 optimally by determining the
value of 8, for which the resulting skin and core thicknesses lead to a minimum candidate
cost, viz.

Ci

min

= rréin C(ts,tc), 0° <8, <90° (2.15)

8

subject to

Ni > Nb and Wi < W, 1= 1,2,..,I (216)
where NV, is the buckling load capacity required, and W the maximum mass allowable.

Step 2. Select the cheapest candidate [78].
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2.5.3 Method of solution

Given that the buckling load is dependant on 85, t; and t., and the sandwich mass on t;
and t., for a particular design buckling load capacity and mass requirement, ¢; and ¢, can
be determined for any value of §s. Thus, a suitable optimisation routine can be used to
determine 6s,,,. Once 65, and the resultant cost have been determined for each candidate,
the cheapest is selected. For the optimisation, the Golden Section method is employed, and

B, , is determined within a prescribed accuracy of 1°.

Sopt
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2.6 Problem 6: The optimal design of composite sandwich
cylindrical shells for minimum mass via the selection of

the best material combinations

A procedure to select the optimal fibre orientations and determine the maximum load carry-
ing capacity of symmetrically laminated fibre-reinforced composite structures is described.
In this study, the optimal material combination with least mass is determined by admitting
different candidates into the design space. This space consists of three continuous vari-
ables, viz. the skin fibre angle, and the layer thickness of the skins and core. There is also
one discrete variable in the design space; the material combination. The cylindrical shells
are optimised for minimum mass subject to a minimum buckling load and maximum cost
constraint. An optimisation procedure with two stages is devised that leads to an optimal
design that is chosen from amongst the candidate designs. It should be noted that the
Love-Kirchhoff hypothesis is implemented here, even though the sandwich cylinders have
shear-deformable cores, because it was found in this application that the effect on the re-
sults was negligible. A more accurate theory can easily be substituted into the procedure

described.

2.6.1 Basic equations

Consider a symmetrically laminated cylindrical shell of sandwich construction with or-
thotropic FRC skins of thickness ts and core thickness t., as shown in Figure 2-3. The shell
lies in the z,y,z coordinate system, where z is the longitudinal, y is the circumferential, and
z is the radial direction. It has dimensions of length [, mean radius R and wall thickness
t. The displacement components of the midplane are given by u,v and w in the z,y and 2
directions, respectively. The fibre angle of the skin layers is defined as the angle between
the fibre direction and the longitudinal (z) axis and is given by 6. The fibre orientations
are symmetric with respect to the midplane of the shell and are given by 8y = (—1)%¥*14 for
k < Kr/2 and 6y = (—=1)%0 for k > Kr/2 + 1, where k = 1, ..., K7 with k being the layer

number.
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Figure 2-3: Geometry and loading of of cylindrical shell

The thickness of a sandwich panel is given by t = 2t5+1., the mass by W = ab(2tsp,+tcp,),
and the cost, (which should not be confused with Cy; in Eqn. (1.25, 1.26)), C = ab(2tsp,Ps+

tep.Pe) where P; is the cost per unit mass of the skin and core materials.

2.6.2 Optimal design problem formulation

For a particular buckling load capacity and cost requirement, together with a choice of
skin and core material combinations that results in I candidates, the design optimisation

procedure consists of two steps [79):

Step 1. For each candidate, determine the skin fibre angle 8, optimally by determining the
value of 8, for which the resulting skin and core thicknesses lead to a minimum candidate
mass, viz.

Wi = min W (£, to), 0° < 0, < 90° (2.17)

min

subject to

N;>Nyand C; <C,1=1,2,..,1 (2.18)
where N, is the buckling load capacity required, and C' the maximum cost allowable.

Step 2. Select the candidate with least mass [80].
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2.6.3 Method of solution

Given that the buckling load is dependant on 0, ts and t., and the sandwich cost on t
and t., for a particular design buckling load capacity and cost requirement, ¢; and t. can
be determined for any value of 8;. Thus, a suitable optimisation routine can be used to

determine 6,,,,. Once 05, and the resultant mass have been determined for each candidate,

Sopt
the least mass option is selected. For the optimisation 5, is determined within a prescribed

accuracy of 1°.
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Chapter 3

Results and discussion

3.1 Problem 1: Design of fibre-reinforced laminated compos-
ite structures for a maximum combination of torque and

inplane load

For the purpose of demonstrating the methodology described, numerical results are given

for a typical T300/5208 graphite/epoxy material with properties as in Tables 1.1 and 1.2.

The dependence of F on the fibre angle for both a clamped and simply supported cylindrical
shell is given in Figure 3-1, plotted for P = 2 x 108 N/m (in the clamped case) and P = 10°
N/m (in the simply supported case) while 7' = 6.28 x 108 Nm, with [ = 7.5m, d = 2m,
H =0.0lm, and K = 8. Note that clamped implies that one end of the shell is completely
restrained while the other end is free, and both the inplane load and torque are applied
at the free end, whilst simply supported implies both ends are simply supported, and half
of the torque and inplane load is applied at either end. As can be seen, the optimal fibre
orientation (viz. the value of 6 that corresponds to minimum F'), in the case of the simply
supported shell is 90°, and it is clear that the minimum failure index for a shell can be several

times lower than the failure index at other fibre angles. It is evident that Oop; = 72.0° in the

'A value of T = nd x 10® is always chosen for the torque loading here, and thus 7' = 6.28 x 10® Nm.
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case of the clamped shell. It should also be evident that if the fibre orientation is selected

optimally, the loading can be maximised.

22

20r P . Clamped
18 oo | e Simply Supported

16
14

T

10

o N > O

Figure 3-1: Effect of fibre angle on the failure index

Figure 3-2 illustrates the dependance of Pr—; (ie. the value of the inplane load for which

'F = 1) on the fibre orientation for the same clamped shell as before, and with T' = 6.28 x 108

Nm,l=7.5m,d=2m, H=0.0lm, and K = 8. Again, it is obvious that 65° < f,,; < 75°
and that Ppay is approximately 2.1 x 108N/m. Note that the graph is for 15° < 4 < 75°
because it is impossible to determine values of P for F = 1 at other angles due to the torque

loading.

Design optimisation results are now given for shells with different boundary conditions,

torque loading, shell length, number of plies and wall thickness.

Example 1. Shells with different boundary conditions

The values of the optimal fibre orientations and maximum inplane loads of the two shells

for which trends were given in Figure 3-2/3-3 are shown in Table 3.1. It is obvious that the
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Figure 3-2: Effect of fibre angle on Pp—;

applied torque and thus the load coupling in the case of the clamped shell has a strength
reducing effect (due to the limited degrees of freedom) compared to that of the simply

supported shell, evidenced by the large differences in 6oy and Prax.

BoundaryCondition  8opt Priax
Clamped 72.0° 2.060 x 105N/m
Simply Supported  90.0° 2.948 x 10°N/m

Table 3.1: Effect of boundary conditions on the optimal design of shells with | = 7.5m,
d=2m, K =8, H=0.0lmand T = 6.28 x 103Nm

It should be noted that the value of . and the corresponding magnitude of Ppax is
independent of the initial choice of P that is used to find 8,y in the first stage of the
methodology. Nonetheless, if Ppax/T is vastly different to that of Piyia1/T, a fibre angle
that appears to be optimal and different in value to 0,y may erroneously result. This is
graphically demonstrated in Figure 3-3. The effect of 8 on the failure index F' is shown for
two different values of P for the clamped shell, with [ = 7.5m, d =2m, K =8, H = 0.0lm
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and T = 6.28 x 108 Nm. As can be seen, when P = 108 N/m, Oopt = 18.0°, but with P = 2
x 108 N/m, the optimal fibre angle is 72.0°.

Figure 3-3: Effect of fibre angle on the failure index for different initial choices of P with
T =6.28 x 108Nm

Example 2. Shells with different wall thicknesses

The influence of the wall thickness on the results is shown in Table 3.2. As expected,
the allowable inplane load increases as the wall thickness increases. In addition 8,y also

gradually increases.

H eopt Pmax
0.01m 72.0° 2.069 x 105N/m
0.025m 73.0° 2.790 x 108 N/m
0.05m  74.0° 3.102x 108N/m

Table 3.2: Effect of wall thickness on the optimal design of clamped shells with [ = 7.5m,
d=2m, K=8and T =6.28 x 108 Nm
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Example 3. Shells with differing number of layers

The effect of varying the number of layers on the results are given in Table 3.3. Ppax is
significantly higher for a cylindrical shell with eight layers compared to that with two layers,

and this is a result of the bending-twisting coupling effect.

K eopt Pma.x
8 72.0° 2.069 x 105N/m
2 68.5° 1.427 x 108N/m

Table 3.3: Effect of the number of layers on the optimal design of clamped shells with
l=75m,d=2m, H=0.0lmand T = 6.28 x 108 Nm

Example 4. Shells with different lengths

The influence of the shell length is shown in Table 3.4. The first cylindrical shell has a
length of 7.5 metres while the second has a length double that of the first. Although it may
have been expected that the shorter shell is capable of carrying a higher inplane load, Ppax
in either case is not significantly different. This can be explained by the fact that the total

strain energy/length ratio in each case is the same.

l eopt Pma.x
7.5m  72.0° 2.069 x 108N/m
15m  72.0° 2.044 x 108N/m

Table 3.4: Effect of the length on the optimal design of clamped shells with d = 2m, K = 8§,
H =0.0lm and T = 6.28 x 108 Nm
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3.2 Problem 2: The optimisation of laminated composite
structures for minimum mass using the finite element

method and genetic algorithms

Results are presented for different load distributions, and various combinations of clamped,
simply supported and free boundary conditions are considered. The effect of aspect ratio is
also investigated. Initially, the mass of the structure was taken as the GA fitness parameter,
but the number of initial genes required for convergence near the global minimum was large,
and thus other measures were investigated. Some of these are presented, all demonstrating

enhanced efficiency, but introduce problems to the study.

Numerical results are given for a typical T300/5208 graphite/epoxy material. The symmet-
ric plate is constructed of eight layers, viz. [01/62/63/64 || t1/t2/t3/t4)s, and is subjected to
a uniformly distributed load (UDL) over the entire surface. As already mentioned, the set
of fibre orientations available to be used here is (0°, £30°, £45°, £60°,90°), while the set of
layer thicknesses is (0.00075m, 0.001m, 0.00125m, 0.0015m, 0.00175m, 0.002m, 0.00225m),
leading to a total of 84.74 = 9834496 possible design candidates (chromosomes). For expe-
dience, the thickness values will be discussed in terms of their millimeter equivalents; viz.
0.00225m will be reported as 2.25. Different combinations of free (F), simply supported (S)
and clamped (C) boundary conditions are implemented at the four edges of the plate. In
particular, five different combinations are studied, namely, (F,S,F,S), (F,S,C,S), (S,S,S,S)
and (C,S,C,S), where the first letter refers to the first plate edge, and the others follow in

the anti-clockwise direction.

Boundary condition layup (thickness values in mm) W (kg) F
(FSF9) (0°/0°/0°/0° || 1/1/1/1), 12.8 1
(F,S,C,S) (0°/90°/0°/90° || 1.5/1.75/1.75/1.75), 21.6 0.4
(S,8,5,9) (45°/ — 45°/45°/ — 45° || 0.75/1.5/1.5/0.75)s 14.4 1
(C,;S,C.S) (90°/90°/0°/0° || 0.75/0.75/1/1)5 112 0.92
(C,C,C,C) (0°/90°/0°/90° || 0.75/2/0.75/0.75)s 13.6  0.98

Table 3.5: Effect of boundary conditions on the optimal layup for plates with a/b =1 and
UDL = 100k Pa
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Table 3.5 shows the influence of the boundary conditions on the optimal design of a plate
with a/b = 1 (viz. each side is 1m long). Note that F is the value of the Tsai-Wu failure
index for each design. Generally, one might expect that as the degrees of freedom are
increased, so the mass should increase, but this is not true for the (C,S,C,S) and (F,S,C,S)
plates, owing to the minimal number of variables (and thus appropriate combinations that

lead to a low mass) available.

3.2.1 Improving the efficiency of the technique

In order to obtain the results given in Table 3.5, at least 60 parent chromosomes were
necessary, and generally, at least 20 iterations were required in each case to produce the
best design. To improve the efficiency of the technique, a few alternative fitness formulations

were investigated. Two are briefly described next.

Alternative 1. P = W.F

Since it is desirable to drive down both the mass and failure index as quickly as possible
so that convergence to a global optimal design that meets the failure criterion is achieved
efficiently (ie. with a minimum number of parents and generations), the first alternative
fitness parameter that was considered was a product of the two, which generally worked
very well (viz. the design problem becomes one of minimising P). In many cases, as few
as 40 parents (that must be carefully chosen) could be used, and in addition, because of
the formulation, it was not necessary to dispose of any genes (design candidates) that did
not meet the failure criterion, as long as the final result did. Unfortunately, other problems
were introduced by the new fitness formulation. If P was used to select the best design
candidate from the list of alternatives after convergence was obtained, sometimes a gene
having a greater mass but a fitness value of less than another gene with less mass resulted.
Thus, after convergence, it is important to select the best gene from the list based on mass

only (after making sure that it complies with the failure criterion).

Table 3.6 shows the influence of the aspect ratio on the optimal layup and thickness for

(F,S,C,S) plates with the same loading as before. The results in this table were generated

83



using the fitness parameter P = W.F. As expected, as the aspect ratio increases, so the
mass increases. For the plates with aspect ratios of 1.5 and 2, very few candidates had a

failure index of 1 or below. Therefore the choice of optimal candidates was minimal.

a/b layup (thickness values in mm) W (kg) F
0.5 (0°/45°] — 45°/90° || 0.75/0.75/0.75/1.25), 5.6 0.88
0.75 (0°/90°/0°/90° || 0.75/1/1.25/1.75), 11.4 1
1 (0°/90°/0°/90° || 1.5/1.75/1.75/1.75)s 216  0.94
1.5  (60°/ —60°/60°/ — 60° || 2/2/2.25/2.25)s  40.8 1
2 (90°/60°/ — 45°/60° || 2/2.25/2.25/2.25)s 56 0.99

Table 3.6: Effect of aspect ratio on the optimal layup for (F,S,C,S) plates with UDL =
100k Pa

Alternative 2. P = W-F

Because of the problem introduced by the first alternative design formulation, a second was
considered. By reformulating the fitness as P = W — F (viz. the design problem is still
one of minimising P, but now P can be negative), the frequency with which the problem
occurred reduced, but still remained. Nonetheless, as before, as few as 40 parents could be

used, and convergence often took place within 4 or 5 generations.

a/b Load type layup (thickness values in mm) W (kg) F

1 Patch (0°/45°] — 45°/90° || 0.75/0.75/1/0.75), 104 0585
1 UDL (0°/90°/0°/90° || 1.5/1.75/1.75/1.75), 216 0.9
2 Patch (0°/0°/90°/90° || 0.75/0.75/0.75/1.5)s 24 0.83
2 UDL (90°/60°/ — 45°/60° || 2/2.25/2.25/2.25)s 56 0.99

Table 3.7: Effect of load type on the optimal layup for square (F,S,C,S) plates, and load
magnitude of 100kPa

Table 3.7 shows the effect of a patch load (which covers only a quarter of the surface) for
(F,S,C,S) plates with a/b = 1 and a/b = 2. The results in this table were generated using
the fitness parameter P = W — F. As can be seen, the mass of the plates with patch loads
(viz. with 1/4 of the total load of the UDL plates) is about half that of the UDL plates.
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3.3 Problem 3: The multiobjective optimisation of lami-
nated composite structures for both minimum mass and
deflection using the finite element method and genetic

algorithms

Results are presented for different load distributions, and various combinations of clamped,
simply supported and free boundary conditions are considered. The effect of aspect ratio is
also investigated. The weighted sum of both the mass and deflection of the structure was
taken as the GA fitness parameter. By using a multiobjective approach, the weighting can
be modified to suit the designers requirements. The results presented are for an equally

weighted mass and deflection.

Numerical results are given for a typical T300/5208 graphite/epoxy material. The symmet-
ric plate is constructed of eight layers, viz. [01/62/63/604 || t1/t2/t3/t4]s, and is subjected to
a uniformly distributed load (UDL) over the entire surface. As already mentioned, the set
of fibre orientations available to be used here is (0%, £30°, £45°, +60°,90°), while the set of
layer thicknesses is (0.00075m, 0.001m, 0.00125m, 0.0015m, 0.00175m, 0.0025m, 0.00225m),
leading to a total of 8%.74 = 9834496 possible design candidates (chromosomes). For expe-
dience, the thickness values will be discussed in terms of their millimeter equivalents; viz.
0.00225m will be reported as 2.25. Different combinations of free (F), simply supported (S)
and clamped (C) boundary conditions are implemented at the four edges of the plate. In
particular, five different combinations are studied, namely, (F,S,F,S), (F,S,C,S), (S,S,S,S),
(C,8,C,S) and (C,C,C,C), where the first letter refers to the first plate edge, and the others

follow in the anti-clockwise direction.

Boundary condition layup (thickness values in mm) Wi(kg) F  w(m)
(F,S,F.S) (0°/0°/0°/0° || 1/1/1/1), 12.8 1 0.174
(F,3,C.S) (0°/90°/0° /90° || 2.25/2.25/1.5/0.75)s 216 099 0.053
(S,8,,9) (45°/ — 45°/45°/ — 45° || 0.75/1.5/1.5/0.75)s 144 1  0.069
(C,8,C,S) (90°/90°/0°/0° || 1/1/0.75/0.75) 11.2 0.97 0.058
(C,C,C,0) (0°/90°/0°/90° || 0.75/2/0.75/0.75)s 136 098 0.032

Table 3.8: Effect of boundary conditions on the optimal layup for plates with a/b = 1,
UDL = 100kPa and P = 0.5W* 4 0.5w*
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Table 3.8 shows the influence of the boundary conditions on the optimal design of a plate
with a/b = 1 (viz. each side is 1m long) and with an applied uniformly distributed load
of 100kPa. Note that F is the value of the Tsai-Wu failure index for each design and that
candidates with failure indices greater than one are discarded. Generally, one might expect
that as the degrees of freedom are increased, so the mass should increase, but this is not
true for the (C,S,C,S) and (F,S,C,S) plates, owing to the minimal number of variables (and

thus appropriate combinations that lead to a low mass) available.

a/b layup (thickness values in mm) Wikg) F  w(m)
0.5 (0°/0°/0°/0° [ 1/1/1/1)s 6.4 0.90 0011
0.75 (0°/90°/0°/90° || 1.25/1.25/1.25/1.25), 12 0.92 0.042

1.0 (0°/90°/0°/90° || 2.25/2.25/1.5/0.75)s 216 099 0.053
1.5 (60°/ —60°/60°/ — 60° || 2/2/2.25/2.25)s 40.8 1 0111
2 (90°/60°/ — 45°/60° || 2/2.25/2.25/2.25), 56 0.99 0.152

Table 3.9: Effect of aspect ratio on the optimal layup for (F,S,C,S) plates with UDL =
100kPa, P = 0.5W* + 0.5w*

a/b Load Type layup (thickness values in mm) W (kg) F w (m)
1 UDL (0°790°/0°/90° || 2.25/2.25/1.5/0.75)s 216 099 0053
1 Patch (0°/30°/ — 45°/90° || 0.75/0.75/1.25/1.75), 12 0.67 0.028
2 UDL (90°/90°/0°/0° || 2.25/2.25/2.25/2.25)s 576 1 0.157
2 Patch (0°/30°/ — 60°/45° || 1.25/1.25/1/0.75)s  27.2  0.96 0.065

Table 3.10: Effect of load type on the optimal layup for square (F,S,C,S) plates, and load
magnitude of 100kPa, P = 0.5W* + 0.5w*

Table 3.9 shows the influence of the aspect ratio on the optimal layup and thickness for
(F,S,C,S) plates with the same loading as before. The design index, P, uses an equal
weighting for both mass and deflection (ie. p, = py = 0.5). As expected, as the aspect
ratio increases, so the mass increases. The most interesting result is that for the smallest
plate, where almost any arrangement of fibre angles would suffice when used with the choice
of layer thicknesses shown, without failure occurring. The combination shown in the table

yields the least F.
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Table 3.10 shows the effect of a patch load (which covers only a quarter of the surface) for
(F,S,C,S) plates with a/b =1 and a/b = 2. The design index is again formulated with an
equal weighting for both mass and deflection (ie. 1y = puy = 0.5). As can be seen, the mass
of the plates with patch loads (viz. with 1/4 of the total load of the UDL plates) is about
half that of the UDL plates.
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3.4 Problem 4: A simple self-design methodology for lami-

nated composite structures for minimum mass

In order to illustrate the methodology, two simple plate examples are discussed. Consider
a symmetrically laminated rectangular plate of length a, width b and thickness A under
a transverse bending load g(z,y), as shown in Figure 3-4. The plate is located in the
x —y plane and constructed of an arbitrary number K of orthotropic layers of thickness
h and fibre orientation 6y where k = 1,2, ..., K. Different combinations of free (F), simply
supported (S) or clamped (C) boundary conditions are implemented at the four edges of
the plate. In particular, two different combinations are studied, namely, (F,S,C,S) and
(C,C,C,C), where the first letter refers to the first plate edge, and the others follow in the

anti-clockwise direction.
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Figure 3-4: Geometry and loading of plate

The first example is a square (¢ = b = 1m) composite plate with (C,C,C,C) boundary
conditions, a single 0° layer, a thickness of 0.0lm and a point load of 20 kN applied as
shown in Figures 3-5. The plate is constructed from a typical T300/5208 graphite/epoxy.

The mesh density chosen was 8 x 8 square elements, which proved adequate in convergence
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testing. In addition, this density ensured that a node was in the correct position to allow
the point load to be correctly located. The formulation of the composite element used was
based on Mindlin theory. After the FEA was completed with the virgin plate, the value of
the maximum Tsai-Wu failure index was reported as 0.9. The self-design methodology was
executed, and the effect after 10, 20, 30 and 40 iterations is shown in Figures 3-6 to 3-9.
Note that spaces with crosses in them highlight areas that have been removed, and this
has been done to aid clarity where necessary. The process was complete after 47 iterations,
and the end result was the same as shown in Figure 3-9. The maximum failure index upon
completion was 0.986, and the weight saving was 39%. Finally, to check the integrity of
the mesh, the geometry was remeshed with 335 elements. The difference in the result was
3.3%, but it should be noted that, practically, a finer mesh should have been used to begin

with.

.

Lo

7” 0.75

Figure 3-5: Geometry and loading of plates

The second example is also a square plate with a = b = 1m, and H = 0.01m, but having
8 symmetric layers with (0°/45°/ — 45°/90°), and (F,S,C,S) boundary conditions (which
implies that the first edge could be removed). The point load of 20 kN is in the same place

as before. The same number of elements was used in modelling this plate, and the virgin
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Figure 3-6: Effect of self-design methodology after various stages for square (C,C,C,C) plate
with single 0° layer after 10 iterations.
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Figure 3-7: Effect of self-design methodology after various stages for square (C,C,C,C) plate
with single 0° layer after 20 iterations.
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Figure 3-8: Effect of self-design methodology after various stages for square (C,C,C,C) plate
with single 0° layer after 30 iterations.
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Figure 3-9: Effect of self-design methodology after various stages for square (C,C,C,C) plate
with single 0° layer after 40 iterations.

[ S S/
[ /) S/

[

(S S S




™
\\\
L N
IR N N
™~ \\\\\
I \\\\\\
\\\\\\\\
\\\\\\\\
\\\\\\\\
L N N
N INL
\K\\\
~L N
~
Y
™~

Figure 3-10: Effect of self-design methodology after various stages for square (F,S,C,S)
plate with (0°/45°/ — 45°/90°), layup after 10 iterations.

plate had a maximum F' value of 0.79. The effect of the self-design methodology after 10,
20, 30 and 40 iterations is shown in Figures 3-10 to 3-13. The process was complete after
43 iterations, and the end result was the same as shown in Figure 3-13. The maximum
failure index upon completion was 0.993, and the weight saving was 42%. When the mesh
density was increased, the difference in the result was 1.4%. It should be noted that had
deflection been an issue, it is easy to include a maximum deflection constraint together with

the failure criterion constraint.
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Figure 3-11: Effect of self-design methodology after various stages for square (F,S,C,S)
plate with (0°/45°/ — 45°/90°); layup after 20 iterations.
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Figure 3-12: Effect of self-design methodology after various stages for square (F,S,C,S)
plate with (0°/45°/ — 45°/90°), layup after 30 iterations.
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Figure 3-13: Effect of self-design methodology after various stages for square (F,S,C,S)
plate with (0°/45°/ — 45°/90°)s layup after 43 iterations.

3.5 Problem 5: The optimal design of composite sandwich
panels for minimum cost via the selection of the best

material combinations

In order to demonstrate the procedure, results are given for three choices of skin material,
viz. T300/5208 Graphite/Epoxy (C), S-2 Glass/Epoxy (G) & Kevlar 49/Epoxy (K), and
two core materials, viz. D-100 Balsa (B) & B-2.5 PVC (PVC). Thus, six candidates result
from the combinations, viz. C/B, C/PVC, G/B, G/PVC, K/B & K/PVC, where the first
letter indicates the skin material, and the second that of the core. The material properties
are given in Table 1.1. In this table, the cost factors P; are calculated as p;/pg where pg is

the cost per unit mass of Glass/Epoxy.

Figure 3-14 demonstrates the effect of the choice of the fibre angle of the FRC skins on
the resulting cost for each of the six candidates with a/b = 1.75, N, = 105 N, W = 50 kg

and A = 1. Obviously, all data points on each of the trend lines are design solutions, and
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there is a large difference between the cheapest and most expensive of the six candidates.
In this particular instance, the best candidate is G/B with 5, = 0°. Table 3.11 gives
the optimal values of the skin fibre angles for each of the six candidates along with their
respective costs. In addition, the last column gives the ratio of Crin (determined at 6s,,,)
to Cmax (determined at the value of the skin fibre angle that results in the highest cost).
In this case, the worst is that for K/B, with Crqtio = 0.896. This emphasises the need to

select 05 optimally (for each candidate).
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Figure 3-14: Effect of skin fibre angle on the cost of the six candidates

Candidate 65,, Cmin Cratio
C/B 0° 2271 0.920
C/pPVC 0° 246.8 0.989
G/B 0° 463 0.969
G/PVC 75°  50.0 0.998
K/B 0° 150.7 0.896
K/PVC  0° 1729 0.991

Table 3.11: Optimal fibre angle and cost of the six candidates, with a/b = 1.75, Ny = 108
N,W=50kg,and A=1
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The influence of the design mass criterion on the choice of the best candidate is shown in
Table 3.12 when a/b = 1.75, N, = 106 N, and A = 1. For W = 100 kg, 50 kg and 15 kg,
the cheapest candidate is G/B. For W = 5 kg, the best candidate is C/B, whereafter no

design solutions can be found. It can also be seen that Ch, and ¢ decrease with mass.

W (kg) Best Candidate ¢ (m) t.(m) 6., Chin
100 G/B 0.0138 0.0141 0Q° 98.5
50 G/B 0.0058 0.0352 Q° 46.3
15 G/B 0.00008 0.0551 90° 9.2
5 C/B 0.00006 0.0178 56° 4.4

Table 3.12: Influence of mass on the results, with a/b = 1.75, N, =10 Nand A =1

It may be obvious from the above that a designer should set the mass objective to 5 kg
when dealing with the loading and plate geometry requirements stated previously, because
the candidate that results (C/B) costs the least, but until various mass criterion have been

studied, the cut-off point cannot be identified.

Figure 3-15 shows the effect of increasing mass on the ratio ¢./ts; for all six candidates
and the same design constraints used for Table 3.12 (viz. a/b = 1.75, N, = 10° N, and
A =1). Generally (except when the mass objective is low), the skin (viz. the higher density
material) thickness increases faster than the core thickness. The corresponding costs are
shown in Figure 3-16, and it can be seen once again that the cost outcome increases as the

mass increases in a generally linear fashion.

Table 3.13 demonstrates the effect of setting A = 0 on the results. At W = 100 kg, no design
solutions that met the criteria could be found, viz. the load requirement (with A = 0) is
too low / the mass requirement is too high. For W = 50, 15 and 5 kg, G/B is the optimal
candidate. It is interesting to note that when W = 50 kg and 15 kg, the cost of the optimal
candidate (viz. G/B) for A = 1 (Table 3.12) is less than that when A = 0 (Table 3.13).
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Figure 3-15: Effect of increasing mass on the thickness ratio

W (kg) Best Candidate t5 (m) t.(m) 60s,, Cuin
100 None - - - -
50 G/B 0.0063 0.0137 90° 48.6
15 G/B 0.0007 0.0398 90° 10.8
) ' G/B 0.00006 0.0175 86° 3.2

Table 3.13: Results for a/b =175, N, = 108 N and A =0

Table 3.14 shows the difference to the results that a change in the aspect ratio makes. Thus,
the results are tabulated for a/b = 1.0, A = 1 with N, = 108 N. At W = 100 kg, no design
solutions could be found. For W = 50 kg, 15 kg and 5 kg, the optimal candidate is once

again G/B. Note that in the cases where a solution could be found, 6, is 0°0r 90°, because

Sopt
the plate is square and the loading symmetric. In addition, the cost of the best candidates
when W = 50 kg and 15 kg is less than their larger (viz. a/b = 1.75) counterparts of Table
3.12, except when the mass objective is 5 kg. In these cases, the core (which is relatively

cheaper than the skin material) is thicker for the larger plates in order to carry the applied

load.
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Figure 3-16: Corresponding mass/cost results

W (kg) Best Candidate t, (m) t.(m) 05, Chin
100 None - - - -
50 G/B 0.0122 0.0074 0°/90° 49.6
15 G/B 0.0023 0.0384 0°/90° 12.7
) G/B 0.00005 0.0317 0°/90° 3.1

Table 3.14: Results for a/b=1,N, =10 N and A =1
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3.6 Problem 6: The optimal design of composite sandwich
cylindrical shells for minimum mass via the selection of

the best material combinations

In order to demonstrate the procedure, results are given for three choices of skin material,
viz. T300/5208 Graphite/Epoxy (C), S-2 Glass/Epoxy (G) & Kevlar 49/Epoxy (K), and
two core materials, viz. D-100 Balsa (B) & B-2.5 PVC (PVC). Thus, six candidates result
from the combinations, viz. C/B, C/PVC, G/B, G/PVC, K/B & K/PVC, where the first
letter indicates the skin material, and the second that of the core. The material properties
are given in Table 1.1. In this table, the cost factors P; are calculated as p;/pg where pg is

the cost per unit mass of Glass/Epoxy.
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Figure 3-17: Effect of skin fibre angle on the mass of the six candidates

Figure 3-17 demonstrates the effect of the choice of the fibre angle of the FRC skins on
the resulting mass for each of the six candidates with L/R =1, N, = 10° N and C = 50.
Obviously, all data points on each of the trend lines are design solutions, and there is a

large difference between the lightest and heaviest of the six candidates. In this particular
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instance, the best candidate is C/PVC with 6, , = 42°. Table 3.15 gives the optimal values

Sopt
of the skin fibre angles for each of the six candidates along with their respective masses. In
addition, the last column gives the ratio of Wiyin (determined at 6s,,,) to Wiax (determined
at the value of the skin fibre angle that results in the highest mass). In this case, the worst
is that for C/B, with Wratio = 0.833. This emphasises the need to select 65 optimally (for

each candidate).

Candidate 6, Wmin Cratio
C/B 18° 10.87 0.833
C/PVC 42°  10.17 0.974
G/B 25°  50.09 0.995
G/PVC  47° 2049 0.929
K/B 3°  14.86 0.860
K/PVC 81° 14.45 0.989

Table 3.15: Optimal fibre angle and mass of the six candidates, with R = 1Im, L = 1m,
Ny =10% N and C =50

The influence of the design cost criterion on the choice of the best candidate is shown in
Table 3.16 when L/R = 10 and N, = 108 N. For C = 200 the optimal candidate is C/PVC.
When the cost is set at 100 the optimal candidate is K/PVC and when the cost is 50 no
solutions could be found, viz. the load requirement is too high / the cost requirement is

too low. It can be seen that as C decreases, so too does Wpin.

C  Best Candidate  t; (m) te (m) 6., Wnin (kg)
200 C/PVC 0.000362 0.002760  Q° 43.47
100 K/PVC 0.000223 0.004501 25° 31.80
50 - ] ] ] ]

Table 3.16: Influence of cost on the results with R = 1m, L = 10m and N, = 105 N

It may be obvious from the above that a designer should set the cost objective to 100 when

dealing with the loading and cylindrical shell geometry requirements stated previously,
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Figure 3-18: Effect of increasing cost on the thickness ratio

because the candidate that results (K/PVC) weighs the least, but until various cost criterion

have been studied, the cut-off point cannot be identified.

Figure 3-18 shows the effect of increasing cost on the ratio ¢./t; for all six candidates and
the same design constraints used for Table 3.15 (viz. L/R = 1, N, = 108 N). The curve for
G/PVC has been omitted due to the scale of the graph chosen (viz. the y-axis is limited to
te/ts = 10). Whereas all the curves show a decreasing thickness ratio with increasing cost,
the curve for G/PVC has an increasing trend (for the lowest values of C, t./ts is greater
than 10). This is due to the cost factors that were chosen for the analysis. The skins of
all of the candidates are more expensive than the corresponding core materials except for
that of G/PVC, and thus as the cost constraint increases, so t. increases while t; decreases.
The corresponding cylinder masses are shown in Figure 3-19, and it can be seen once again

that the cost outcome increases as the mass increases in a generally linear fashion.

Table 3.17 shows the influence of cost on the results with L/R = 5 and N, = 10% N. At
C = 200 and 100 the optimal candidates are C/PVC. For C = 50 the optimal candidate

is K/PVC. In general, as the cost constraint increases, so too does t; and W, while ¢,
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Figure 3-19: Corresponding cost/mass results

decreases.

C Best Candidate ts (m) te (m) 05, Whin (kg)
200 C/PVC 0.000779 0.001309 66° 40.82
100 C/PVC 0.000363 0.002768 64° 21.74
50 K/PVC 0.000223 0.004502 47° 15.90

Table 3.17: Influence of cost on the results with R = 1m, L = 5m and N, = 106 N

Table 3.18 shows the influence of cost on the results with L/R = 1 and N, = 106 N. The
optimal candidate is C/PVC for the three cost constraints (C = 200,100 and 50). As for

Table 3.17, as the cost constraint increases, so too does t; and W, while t. decreases.
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C Best Candidate t; (m) te (m) 6s,,, Whin (kg)
200 C/PVC 0.003975 0.000256  89° 40.0321
100 C/PVC 0.001982 0.000505 18&° 20.06
50 C/PVC 0.000977 0.001388 42° 10.17

Table 3.18: Influence of cost on the results with R =1m, L = 1lm and N, = 105 N
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Chapter 4

Conclusions

Fibre-reinforced laminated composites have great advantages over conventional isotropic
materials due to their excellent strength and stiffness characteristics combined with low
mass. The main disadvantage of using these materials is the associated costs involved with
purchasing the raw materials, designing the structure and materials and manufacturing
the required components. If these costs could be minimised, laminated composites would

certainly increase in popularity.

One method of minimising the cost is through using efficient optimisation techniques during
the design phase. If an optimal structure could be designed in minimal time, the costs
would decrease. At the same time, the efficiency of the structure could be maximised.
This, in turn, leads to reduced life-cycle costs and improved performance. Combining
various optimisation techniques with analysis methods such as the FEM is one way to

create efficient methodologies for the optimisation of laminated composite structures.

The work presented in this thesis employed various different search routines and optimi-
sation strategies and combined them with design methods, like the FEM, to develop six
new methodologies to minimise the mass, deflection and cost, or maximise the load bearing
capacity of laminated structures. Four of these procedures were independent of the struc-
ture and were tested on simple rectangular plates or cylindrical shells. The fifth and sixth

procedures were specific to rectangular sandwich plates (in the fifth case) and cylindrical
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sandwich shells (in the sixth case). Each problem that was investigated is summarised

below.

Problem 1: Design of fibre-reinforced laminated composite structures for a mazimum com-
bination of torque and inplane load. A procedure for optimally designing fibre-reinforced
laminated composite structures for maximum load carrying capacity was presented to il-
lustrate the methodology. The design variables were the laminae fibre orientations, and
once these were optimally selected, the ultimate load the structure could withstand was
determined. The finite element method was used in conjunction with a search routine to
achieve this, and the finite element formulation implemented here was based on Mindlin
laminated plate and shell theory. This approach allows for the inclusion of effects like
bending-twisting coupling to be accounted for in the design process. During the first stage
of the methodology the structural strength was maximised by selecting the fibre orienta-
tions optimally in order to minimise the Tsai-Wu failure index and in the second stage,
the maximum load capacity was determined using the Tsai-Wu failure criterion. In order
to illustrate the procedure, the design of torque tubes, which were subject to combined
torque and inplane compressive loads, were optimised. It should be noted that different
finite element formulations, optimisation techniques and failure theories could be selected

and should be done so as necessary.

Problem 2: The optimisation of laminated composite structures for minimum mass using
the finite element method and genetic algorithms. A technique for using genetic algorithms
together with finite element analysis to design for manufacture and minimise the mass
of fibre-reinforced symmetrically laminated structures with several design variables was
described. The design constraint implemented was based on the Tsai-Wu failure criterion,
although any suitable one could be substituted. The present study adopts a numerical
approach to include the effects of bending-twisting coupling etc., and the finite element
formulation used was based on Mindlin theory, although any suitable formulation could
be substituted. Composite rectangular plates with eight layers were used to demonstrate
the technique. Thus, the four fibre orientations and laminae thicknesses were determined
optimally. In addition, the fibre orientations and layer thicknesses were selected from a

set of discrete (and commercially available) values. Also, variations of the technique which
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enhance efficiency were mentioned.

Problem 3: The multiobjective optimisation of laminated composite structures for both min-
imum mass and deflection using the finite element method and genetic algorithms. A tech-
nique for combining genetic algorithms with the finite element method to minimise both
the mass and deflection, using a multiobjective approach, of fibre-reinforced structures with
several design variables has been described. The design constraint implemented was based
on the Tsai-Wu failure criterion, although any suitable one could be substituted. This study
adopts a numerical approach to include the effects of bending-twisting coupling, and the
finite element formulation used was based on Mindlin theory, although, any suitable formu-
lation could be substituted. Composite symmetrically laminated rectangular plates with
eight layers were used to demonstrate the technique. Thus, the four fibre orientations and
laminae thicknesses were determined optimally. In addition, the fibre orientations and layer
thicknesses were selected from a set of discrete (and commercially available) values. Re-
sults were presented for different load distributions, and various combinations of clamped,
simply supported and free boundary conditions were considered. The effect of aspect ratio
was also investigated. The weighted sum of both the mass and deflection of the structure
was taken as the GA fitness parameter. By using a multiobjective approach, the weighting
could be modified to suit the designer’s requirements. The results presented were for an

equally weighted mass and deflection.

Problem 4: A simple self-design methodology for laminated composite structures for mini-
mum mass. A simple methodology, based on the finite element method, was presented for
the self-design of laminated composite structures. The objective was to minimise the mass,
and the design constraint implemented was based on the Tsai-Wu failure criterion, although
any suitable one could be substituted. Suitable elements from the finite element model of
the structure were deleted until all the elements that could be deleted without affecting
the structural (or mesh) integrity had been. In addition, because the study adopted a
numerical approach, the effects of bending-twisting coupling etc. were included. The finite
element formulation used was based on Mindlin theory, although, any suitable formulation
could be substituted. Simple composite rectangular plates with one and eight layers were

used to demonstrate the technique and results were presented for plates with (C,C,C,C)
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and (F,S,C,S) boundary conditions. In both cases, the average weight saving was 40.5%.

Problem 5: The optimal design of composite sandwich panels for minimum cost via the
selection of the best material combinations. Optimal designs of sandwich panels with FRC
skins and low-density cores for minimum cost were obtained by the use of a procedure
described in this study. The objective of the optimisation was to minimise the laminate cost
by selecting the skin and core material combination, layer thicknesses and skin fibre angles
optimally, subject to load and mass constraints. The procedure consisted of two stages; in
the first, the skin and core thicknesses and the skin fibre angles were determined optimally
for each candidate. Thereafter, the cheapest candidate was selected. The methodology and
its benefits were demonstrated using Graphite, Glass or Kevlar/Epoxy facings, and Balsa
or PVC cores. It was shown that the best candidate could be several magnitudes cheaper
than the most expensive rival, and that the cost was dependant on the skin fibre angle.
The tables of results present the best candidate for different mass constraints under various
loading and geometry requirements. In some cases, when the mass constraint was set too
high or low, no design solutions could be found. Generally, the G/B candidate appeared to
meet most of the design requirements and offer the most cost effective solution. The effect

of varying the load ratio and plate aspect ratio on the results was also presented.

Problem 6: The optimal design of composite sandwich cylindrical shells for minimum mass
via selection of the best material combinations. Optimal designs of sandwich panels with
FRC skins and low-density cores for minimum mass were obtained by the use of a procedure
described in this study. The objective of the optimisation was to minimise the laminate
mass by selecting the skin and core material combination, layer thicknesses and skin fibre
angles optimally, subject to load and cost constraints. The procedure consisted of two
stages; in the first, the skin and core thicknesses and the skin fibre angles were determined
optimally for each candidate. Thereafter, the candidate with least mass was selected. The
methodology and its benefits were demonstrated using Graphite, Glass or Kevlar/Epoxy
facings, and Balsa or PVC cores. It could be shown that the mass of the best candidate
could be several magnitudes lower than the heaviest rival, and that the mass was dependent
on the skin fibre angle. The tables of results presented the best candidate for different cost

constraints under various loading and geometry requirements. In some cases, when the
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cost constraint was set too low, no design solutions could be found. Often, the C/PVC
candidate appeared to meet most of the design requirements and offer the best solution.
The effect of varying the load ratio and cylindrical shell aspect ratio on the results was also

presented.
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