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Abstract—Uncoded Space-Time Labelling Diversity (USTLD) is a 

recent technique to improve error performance in multiple-input, 

multiple-output (MIMO) systems. Standard MIMO systems 

assume that channels between transmit and receive antennas are 

independent and identically distributed (i.i.d.), and thus, 

uncorrelated. This assumption is also made in previous works on 

USTLD. However, in practice, if antennas are spaced closer than 

half a transmission wavelength to each other, channels become 

correlated. This motivates the study in this paper of the 

performance of USTLD under correlated channel conditions. An 

analytical expression for the upper bound of the average bit error 

rate (BER) in the presence of correlated fading is derived. This 

expression is validated using results from Monte Carlo 

simulations, which show a tight fit in the high signal-to-noise ratio 

(SNR) region. Results presented confirm that channel correlation 

adversely affects the BER of USTLD for both 16QAM and 

64QAM. Interestingly, results also indicate that USTLD is more 

sensitive to channel correlation than comparable standard 

MIMO schemes. 

 

Keywords— correlated Rayleigh fading, labelling diversity, 

uncoded system, USTLD, MIMO 

I. INTRODUCTION 

Wireless communication systems suffer impaired 

performance due to the existence of multipath fading [1]. The 

effects of fading may be combatted by incorporating diversity 

into the system. Uncoded Space-Time Labelling Diversity 

(USTLD) [2] is a recent scheme that provides three levels of 

diversity: labelling diversity, time diversity and antenna 

diversity. To achieve labelling diversity, USTLD exploits the 

mapping of binary data to different constellations through the 

use of two different mappers. Antenna diversity is achieved by 

adopting a multiple-input, multiple-output (MIMO) system 

model. The inclusion of multiple antennas at both the 

transmitter and receiver generates more signal paths, 

increasing the likelihood of correct detection [1], [3]. The 

original work on USTLD describes a MIMO system of two 

transmit antennas and any arbitrary Nr receive antennas. To 

achieve time diversity and protect against burst errors, symbols 

representing the same binary data are transmitted in separate 

time slots. In each time slot, symbols are selected from 

constellations with different binary mappings. The design and 

selection of mappers aims to maximise the summed Euclidean 

Distance (ED) between symbol pairs in each constellation. 

Stated differently, adjacent symbols in a given mapping are 

spaced further apart in subsequent mappings. By following this 

approach, detection is done based on symbol pairs, instead of 

individual symbols. For an MQAM or MPSK system, there are 

only 𝑀 valid symbol pairs out of the 𝑀2 possible pairs. Thus, 

diversity is achieved in a manner similar to conventional error 

correction codes [4], even though USTLD is an uncoded 

system.  

The MIMO structure of USTLD is important when 

analysing its BER performance. In conventional analysis of 

antenna diversity systems [3], it is assumed that signal paths 

are statistically independent of each other i.e. the channels are 

uncorrelated. However, this assumption is invalid if the 

spacing between antennas in less than half the transmitted 

wavelength (𝜆)  [5]. Due to the inversely proportional 

relationship between frequency and wavelength [5], the 

required spacing between antennas to prevent correlation at 

higher transmission frequencies becomes unfeasibly small. 

However, the use of higher transmission frequencies is 

desirable as it results in greater throughput per second [3]. 

When physical conditions are such that antennas are spaced 

closer than 
𝜆

2
 from each other, the signal paths between them 

become correlated, and the conventional models of system 

analysis no longer apply. 

The first case study [6] of the effect of correlation on 

multiple antenna systems considered the single-input dual-

correlated channel (i.e. the case of one transmit antenna and 

two receive antennas). In [6], it is shown that an orthogonal 

transformation may be applied to identical dual-correlated 

channels to generate equivalent uncorrelated, non-identical 

channels for statistical analysis. In [7], the more general case 

of Nr receiver antennas is considered. Instead of using 

orthogonal transformations, this work indicates the design of a 

decorrelating and signal splitting eigenfilter based on the 

correlation matrix between antennas. The result of using the 

eigenfilter approach allows the correlated channels to be 

analysed as uncorrelated, eigenvalue-weighted independent 

channels. While both [6] and [7] constrain their analysis to 

SIMO systems, other works [8]-[10] provide the mathematical 

framework for correlated MIMO systems – which considers 

correlation between any Nt transmit antennas and Nr receive 

antennas. However, in [11], the validity of the Kronecker 

model, a fundamental model applied in [8]-[10] to account for 

correlation, is questioned. According to the findings of [11], 

the Kronecker model may not be valid for antenna arrays larger 

than a 2×2 system when the correlation between channels is 

high. 

In the original work on USTLD [2], the 2×𝑁𝑟  MIMO 

system model assumes uncorrelated channels. In this work, the 

performance of USTLD in correlated channels is studied. To 

ensure the validity of the MIMO Kronecker correlation model 

used, as per [11], this study is constrained to the case of a 2×2 

system. 



The remainder of this paper is structured as follows: in 

Section II describes the system model used, including the 

selection of USTLD mappers. In Section III, an analytical 

expression is derived for the upper bound of the average bit 

error probability (ABEP) of USTLD under correlated 

conditions. Section IV presents the results of Monte Carlo 

simulations investigating USTLD in correlated and 

uncorrelated channels. Finally, Section V presents the 

conclusions which may be drawn from the results. 

For consistent notation, this paper denotes vectors in 

boldface, lowercase type. Scalars are represented in italicised 

lowercase, and matrices are represented by italicised uppercase. 

The only exceptions to this notation are variables Nr and Nt 

which are scalars. 

II. SYSTEM MODEL 

A. Uncorrelated USTLD Transmission Model 

The system model for this study considers a 2×2 MIMO 

system and the transmission of data over two time slots. The 

2×1 received vector, r, during the kth time slot is given by 

 

            𝐫k = √
𝛾

2
(𝐡1,𝑘𝑥1,𝑘 + 𝐡2,𝑘𝑥2,𝑘) + 𝐧𝑘   (1) 

 

As necessitated by USTLD, transmitted symbols 𝑥1 and 𝑥2 

in (1) are selected from different mappers in each time slot. 

During time slot 𝑘 = 1, a Gray-coded mapper, denoted Ω1, is 

used [2]. During time slot 𝑘 = 2, a secondary mapper, Ω2, is 

selected. 16QAM and 64QAM modulation schemes are 

investigated. For the second mapper, this system chooses the 

16QAM mapping proposed by [12], illustrated in Fig. 1, which 

is found to be optimal according to [12] and [2]. In [12], the 

optimal mapping design technique used is only feasible for up 

to 16-ary constellation sizes. Therefore, the simple but 

effective mapping procedure proposed in [2] is used in 

constructing Ω2  for 64QAM. The mapper is constructed by 

interchanging diagonal elements in diagonally opposite 

quadrants, as proposed in [2]. That is, diagonal elements in 

quadrant 1 are interchanged with corresponding diagonal 

elements in quadrant 3; and similarly for quadrants 2 and 4. All 

constellations are power-normalised such that 𝐸{|𝑥|2} = 1 , 

where 𝐸{∙} is the statistical expectation operator. 

 
Figure 1: 16QAM Constellation Mappings (Key: Ω1/Ω2) 

 

𝛾  is the total signal-to-noise ratio of the transmission, 

distributed equally between the two transmit antennas. 2×1  

vector 𝐧 represents additive white Gaussian noise (AWGN) 

which follows a complex normal distribution with zero mean 

and variance 𝜎𝑛
2 =

𝑁0

2
 per dimension. 2×1  vectors 𝐡1 and 𝐡2 

represent the fast-fading channels due to respective transmit 

antennas. The fading follows a Rayleigh amplitude distribution 

of zero mean and unit variance, the probability density function 

of which is 𝑓𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ(𝛼) =
𝛼

2𝜋
𝑒− 

1

2
𝛼2

, where 𝛼  is the fading 

amplitude. Both the fading channels and AWGN noise have 

uniform phase distribution. 

B. Correlated Channel Model 

The correlation between the ith and jth elements of 𝐡  is 

defined according to [5] as 
 

𝜌𝑖,𝑗 =
𝐸{ℎ𝑖ℎ�̅�}

√𝜎𝑖
2𝜎𝑗

2 

                                     (2) 

where the overbar (⋅)̅̅̅̅  denotes a complex conjugate and 

𝜎2 is the variance of the fading branch. From (2) it is also 

clear that 𝜌𝑖,𝑗 = 𝜌𝑗,𝑖 .  The correlation matrix for a 2×2 

system may then be defined as 

𝐶2×2 = [
1 𝜌
𝜌 1

]                           (3) 

In [5] and [7], it is shown that the correlation between 

receiver antennas may be expressed as a function of the 

spacing between them, 𝜇𝑖,𝑗, as   

𝜌𝑖,𝑗 = 𝐽0 ( 
2𝜋𝜇𝑖,𝑗

𝜆
 )                             (4) 

 Here, 𝜆 is the wavelength of transmission and 𝐽0(∙) is the 

zeroth order Bessel function of the first kind. It is assumed in 

(4) that the transmitter and receiver are sufficiently far apart 

that any phase difference in the received signal due to spacing 

between transmit antennas is negligible. As such, the spacing 

between transmit antennas is not considered in (4). 

C. Detection 

Maximum likelihood detection (MLD) in USTLD requires 

that received symbol vectors from both time slots are 

considered simultaneously. Unlike conventional MIMO 

detection, MLD for labelling diversity is concerned with joint 

detection using corresponding symbols from both mappers. As 

such, the output of the ML detector is two sets of symbol pairs, 

�̃�1 and �̃�2. Detected data corresponds to the label associated 

with each of these pairs. The ML detection metric based on (1) 

is 

�̃�1, �̃�2 = arg min
�̂�𝑘∈ Ω𝑘

∑ ‖𝐫𝑘 − √
𝛾

2
𝐻𝑘�̂�𝑘‖

22

𝑘=1

        (5) 

where 𝐻𝑘 = [𝐡1,𝑘 𝐡1,𝑘] and �̂�𝑘 = [
�̂�1,𝑘

�̂�2,𝑘
] and ‖∙‖2 denotes 

a vector norm. Perfect channel state information is assumed to 

be available at the receiver to perform coherent MLD. 

III. PERFORMANCE ANALYSIS 

A. Uncorrelated USTLD in Rayleigh Fading Channels 

An approach to analysing the average bit error probability 

(ABEP) in uncorrelated channels is given in [2]. This analysis 



applies to both fast-fading and quasi-static Rayleigh fading 

conditions.  

An important assumption at the start of this analysis is that 

at high SNR, one of the two transmitted symbol pairs is 

correctly detected. Given this, the upper bound of the ABEP 

for USTLD is defined as [2] 

𝑃𝐵(𝛾) ≤
1

𝑀 log2 𝑀 
∑ ∑ 𝛿(𝑖, 𝑗)𝑃(𝑋 → �̃�)

𝑀

𝑗≠𝑖

𝑀

𝑖=1

        (6) 

where 𝛿(𝑖, 𝑗) are the number of bit errors between the labels 

i and j and 𝑃(𝑋 → �̃�) is the pairwise error probability of an 

erroneous detection of vector 𝑋 = [
𝑥1,1 𝑥2,1

𝑥1,2 𝑥2,2
]  to estimated 

vector �̃� = [
�̃�1,1 �̃�2,1

�̃�1,2 �̃�2,2
]. 

 

The number of bit errors may be calculated as, 

𝛿(𝑖, 𝑗) = ∑ 𝑏𝑘
𝑖 ⨁𝑏𝑘

𝑗

log2 𝑀

𝑘=1

                            (7) 

where 𝑏𝑘
𝑖  is the kth bit of i, 𝑏𝑘

𝑗
 is the kth bit of j and ⨁ is the 

binary exclusive-or (xor) operator. At this point, a distinction 

between the number of bit errors 𝛿(𝑖, 𝑗)  and the Euclidean 

distance 𝑑𝑘(𝑖, 𝑗) is made.  

𝑑𝑘(𝑖, 𝑗) = |𝑥𝑖 − 𝑥𝑗|
2

;  𝑥𝑖 , 𝑥𝑗 ∈ Ω𝑘                    (8) 

 Given the assumption that only one symbol pair is incorrect, 

the conditional PEP may be expressed according to (9). This 

may be simplified in terms of the Gaussian Q-function and two 

central chi-squared random variables 𝜙1 and 𝜙2 as  

𝑃(𝑋 → �̃� |𝐻1, 𝐻2) = 𝑄(√𝜙1 + 𝜙2)                   (10) 

The chi-squared random variables have 2Nr degrees of 

freedom and may be defined as  

𝜙𝑘 = ∑ 𝛼𝑘𝑛

2

2𝑁𝑟

𝑛=1

                                    (11) 

The random variable 𝛼𝑘𝑛

2  follows a normal distribution 

according to 𝛼𝑘𝑛
~ 𝛮 (0,

𝛾

8
𝑑𝑘). It then follows that the moment 

generating function (MGF) for random variable 𝜙𝑘 under the 

assumption of 𝑁𝑟 i.i.d. channels is given by  

𝑀𝑘(𝑠) = ∫ 𝑓𝜙𝑘
(𝛼𝑘)𝑒−𝑠𝛼𝑘𝑑𝛼𝑘

∞

0
= (1 +

𝛾

4
𝑑𝑘𝑠)

−𝑁𝑟
     (12)  

In (12), 𝑓𝜙𝑘
(𝛼𝑘) is the probability density function (PDF) of 

the chi-squared random variable given by  

𝑓𝜙𝑘
(𝛼𝑘) =

1

(
𝛾
4

𝑑𝑘)
𝑁𝑟

(𝑁𝑟 − 1)!
𝑒

− 
4𝛼𝑘
𝛾𝑑𝑘             (13) 

Integrating the conditional PEP over the PDFs for 𝜙1 and 

𝜙2  as shown in (14) and applying the trapezoidal 

approximation to Craig’s representation of the Gaussian Q-

function (15), it is found that the PEP in is given by (16). In 

order to simplify analysis in Subsection B, where correlation 

between channels is considered, the overall ABEP is expressed 

in terms of MGF functions. The overall ABEP in uncorrelated 

Rayleigh fading channels, given in (17), is then obtained by 

substituting (7) and (16) in (6). 

B. Correlated Channel Analysis 

According to [8]-[9], the correlated channel matrix 𝐻 may 

be expressed in terms of an uncorrelated matrix 𝐻uc  by the 

Kronecker model, 

𝐻 = 𝐶𝑟

1
2𝐻𝑢𝑐 (𝐶𝑡

1
2)

𝑇

                          (18) 

where 𝐶𝑟  and 𝐶𝑡  are the correlation matrices due to the 

transmitter antennas and receiver antennas respectively and 

(∙)𝑇 denotes the matrix transpose operator. It is shown in [7]-

[10] that the effect of correlation may be taken into account by 

considering the eigenvalues of the correlation matrices. In 

other words, the correlated channels may be analysed as 

statistically independent, eigenvalue-weighted uncorrelated 

channels. 

The eigenvalue decomposition (EVD) [10], [12] of the 

correlation matrix into a matrix of unitary, orthogonal 

eigenvectors, 𝑍, and a diagonal matrix of positive eigenvalues, 

𝛬, is defined as 

𝐶𝑟 = 𝑍𝑟
𝐻𝛬𝑟𝑍𝑟                                   (19) 

𝐶𝑡 = 𝑍𝑡
𝐻𝛬𝑡𝑍𝑡                                    (20) 

where subscript 𝑟 and 𝑡 are the indices for the receive and 

transmit antennas respectively. The notation (∙)𝐻 above refers 

to the Hermitian (conjugate transpose) operator. The individual 

entries of 𝛬𝑟 are referred to as 𝜆𝑟 , and similarly the individual 

entries of 𝛬𝑡  are referred to as 𝜆𝑡 . As per [8], the effect of 

fading on 𝑁𝑡𝑁𝑟 correlated channels in a MIMO system may be 

modelled by the MGFs of non-indentical, uncorrelated 

channels as 

𝑀𝑐(𝑠) = ∏ ∏ 𝑀𝑢𝑐(𝑠𝜆𝑖
𝑡𝜆𝑗

𝑟)

𝑁𝑟

𝑗=1

𝑁𝑡

𝑖=1

                        (21) 

𝑃(𝑋 → �̃� |𝐻1, 𝐻2) = 𝑃 (‖𝐫1 − √
𝛾

2
𝐻1�̃�1‖

2

+ ‖𝐫2 − √
𝛾

2
𝐻2�̃�2‖

2

< ‖𝐫1 − √
𝛾

2
𝐻1𝐱1‖

2

+ ‖𝐫2 − √
𝛾

2
𝐻2𝐱2‖

2

)              (9) 

𝑃(𝑋 → �̃�) = ∫ ∫ 𝑃(𝑋 → �̃� |𝐻1, 𝐻2)𝑓𝜙1
(𝛼1)𝑓𝜙2

(𝛼2)𝑑𝛼1𝑑𝛼2

∞

0

∞

0

                                            (14) 

𝑄(𝑥) =
1

𝜋
∫ 𝑒

−(
𝑥2

2
cosec2 𝑦)

𝑑𝑦

𝜋
2

0

≅
1

2𝑛
(

1

2
𝑒− 

1
2

 𝑥2
+ ∑ 𝑒

−(
 𝑥2

2
cosec2(

𝑙𝜋
2𝑛

))

𝑛−1

𝑙=1

)                                   (15) 

𝑃(𝑋 → �̃�) =  
1

2𝑛
[
1

2
∏ 𝑀𝑙 (

1

2
) + ∑ ∏ 𝑀𝑙 (

1

2
cosec2 (

𝑚𝜋

2𝑛
))

2

𝑙=1

𝑛−1

𝑚=1

2

𝑙=1

]                                             (16) 

𝑃𝐵(𝛾) ≤
1

2𝑛𝑀 log2 𝑀 
∑ ∑ ( ∑ 𝑏𝑘

𝑖 ⨁𝑏𝑘
𝑗

log2 𝑀

𝑘=1

 ) [
1

2
∏ 𝑀𝑙 (

1

2
) + ∑ ∏ 𝑀𝑙 (

1

2
cosec2 (

𝑚𝜋

2𝑛
))

2

𝑙=1

𝑛−1

𝑚=1

2

𝑙=1

]

𝑀

𝑗≠𝑖

𝑀

𝑖=1

                   (17) 

 



For the system considered in this work, it is assumed that 

sufficient physical space is available at the transmitter that 

transmit antennas are uncorrelated. This is reasonable in cases 

such as the base stations in a mobile communication system. 

Uncorrelated transmit antennas yields an identity matrix for C𝑡, 

which has unit eigenvalues. 

For the special case of 2 receive antennas, the eigenvalues 

may be given as 

𝜆1
𝑟 = 1 + 𝜌                                         (22) 

𝜆2
𝑟 = 1 − 𝜌                                         (23) 

(22) and (23) are the same channel weights obtained by the 

orthogonal transform approach adopted in [6]. 

The MGF for USTLD under dual-correlated receiver 

conditions may be obtained by substituting (22) and (23) in 

Equation (21), producing (24). 

Extending (17) with the expression from (23) yields (24) – 

the upper bound of the ABEP for a USTLD system subject to 

Rayleigh fading that is dual-correlated at the receiver. Note 

that the MGFs in (24) represent non-identical, independent 

channels, so when substituting (12) in (24), 𝑁𝑟 = 1.  

IV. SIMULATION RESULTS AND DISCUSSION 

Monte Carlo simulations were conducted to investigate the 

performance of 2×2  USTLD systems in the presence of 

correlated Rayleigh fading. In the simulation model, the 

approach in [13] is used to ensure the generation of adequately 

correlated random variables to simulate the channels. To 

ensure a clear distinction between correlated and uncorrelated 

results, the case of receive antennas spaced very close together, 

such that 𝜇1,2 = 0.1𝜆, is considered. From (4), this yields a 

correlation coefficient of   

𝜌1,2 = 𝐽0 ( 
2𝜋(0.1𝜆)

𝜆
 ) = 0.904                 (26) 

 
Figure 2: Performance of 16QAM and 16QAM USTLD in                  

Dual-Correlated Channels (𝜇1,2 = 0.1𝜆) 

The first set of simulation results presented in Figs. 2 and 3 

show that the theoretical upper bound of the ABEP converges 

to match simulated results at high SNR. In Fig. 2, the 

performance of a conventional 2×2 16QAM MIMO system 

and 16QAM USTLD are compared for the cases of 

uncorrelated and correlated channels. Likewise, Fig. 3 shows 

the results of the same comparison for a 2×2  64QAM MIMO 

system and 64QAM USTLD.  

  
Figure 3: Performance of 64QAM and 64QAM USTLD in                  

Dual-Correlated Channels (𝜇1,2 = 0.1𝜆) 

 

From Figs. 2-3, it is evident that even under highly correlated 

conditions, USTLD still provides significant diversity gain 

over conventional 2×2 MIMO systems. However, from the dB 

gap between correlated and uncorrelated curves, it appears that 

USTLD is more sensitive to channel correlation than standard 

MIMO schemes. This is observed intuitively by noting that the 

dB gap between correlated and uncorrelated USTLD is wider 

than the dB gap between the correlated and uncorrelated 

conventional 2×2 MIMO systems. 

In order to further investigate this observation, the effect of 

varying correlation on BER is examined in Figs. 4 and 5. In 

Fig. 4, 16QAM USTLD is compared against Gray-coded 2×2 

16QAM MIMO system, and against Gray-coded 2×2 4QAM 

MIMO system. A 2×2 Gray-coded 4QAM may be considered 

comparable as it offers the same data rate (4 bits/s/Hz) as 

16QAM USTLD. Similarly, in Fig. 5, 64QAM USTLD is 

compared against a 2×2 64QAM MIMO system and a 3×2  

4QAM MIMO system. The 3×2  4QAM MIMO system is 

preferred over a 2×2  8QAM MIMO system so that square 

MQAM analysis may still be used. Both of these schemes offer 

the same data rate (6 bits/s/Hz) as 64QAM USTLD. 

𝑀𝑐(𝑠) = ∏ 𝑀𝑢𝑐(𝑠𝜆𝑖
𝑟)

2

𝑖=1

= 𝑀𝑢𝑐(𝑠(1 + 𝜌)) 𝑀𝑢𝑐(𝑠(1 − 𝜌))                                                     (24) 

𝑃𝐵(𝛾) ≤
1

2𝑛𝑀 log2 𝑀 
∑ ∑ ( ∑ 𝑏𝑘

𝑖 ⨁𝑏𝑘
𝑗

log2 𝑀

𝑘=1

) [
1

2
∏ 𝑀𝑙 (

1

2
𝜆𝑙

𝑟) + ∑ ∏ 𝑀𝑙 (
1

2
𝜆𝑙

𝑟cosec2 (
𝑚𝜋

2𝑛
))

2

𝑙=1

𝑛−1

𝑚=1

2

𝑙=1

]

𝑀

𝑗≠𝑖

𝑀

𝑖=1

                (25) 

 

 



 
Figure 4: Effect of Channel Correlation on BER for 16QAM USTLD 

  
Figure 5: Effect of Channel Correlation on BER for 64QAM USTLD 

 

The slope of the curves in Figs. 4 and 5 indicate the rate at 

which system performance deteriorates as channel correlation 

increases. It is clear, however, that in both cases, the USTLD 

curves show the steepest ascent as correlation coefficient 

increases. Thus, these results indicate that USTLD is more 

sensitive to channel correlation than comparable standard 

MIMO schemes. 

V. CONCLUSION 

In this work, the impact of correlated channels on USTLD 

systems is investigated. The study is restricted to a 2×2 system. 

An expression is derived for the upper bound of the ABEP, 

which is shown to converge to simulation results in the high 

SNR region. Results indicate that USTLD is still capable of 

providing diversity gain when channels are highly correlated. 

However, compared to standard MIMO systems, the 

performance of USTLD deteriorates faster as channel 

correlation increases. Future work may include investigating 

the performance of USTLD in the presence of both transmit 

antenna correlation and receive antenna correlation. 
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